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Abstract— Control systems often must satisfy strict safety
requirements over an extended operating lifetime. Control
Barrier Functions (CBFs) are a promising recent approach
to constructing simple and safe control policies. This paper
proposes a framework for verifying that a CBF guarantees
safety for all time and synthesizing CBFs with verifiable safety
in polynomial control systems. Our approach is to show that
safety of CBFs is equivalent to the non-existence of solutions to
a family of polynomial equations, and then prove that this non-
existence is equivalent to a pair of sum-of-squares constraints
via the Positivstellensatz of algebraic geometry. We develop this
Positivstellensatz to verify CBFs, as well as generalization to
high-degree systems and multiple CBF constraints. We then
propose a set of heuristics for CBF synthesis, including a
general alternating-descent heuristic, a specialized approach
for compact safe regions, and an approach for convex unsafe
regions. Our approach is illustrated on two numerical examples.

I. INTRODUCTION

Safety is a critical property of cyber-physical systems in
applications including autonomous vehicles [1], energy [2],
and medicine [3]. In the control-theoretic context, safety is
typically defined as ensuring that the state trajectory remains
within a given safe region (or, equivalently, avoids a given
unsafe region) for all time. It is not always possible, however,
to guarantee safety by introducing a control input, even for
controllable systems without actuation constraints. This has
motivated substantial research into characterizing the set of
states from which safety can be guaranteed, and constructing
controllers that ensure safety from those states [4].

Control Barrier Functions (CBFs) are a promising recent
approach to safe control. CBFs are functions of the system
state that are negative outside the safe region, so that safety
can be guaranteed by ensuring that the CBF remains non-
negative. In particular, it has been shown that, if the control
input satisfies a particular linear constraint induced by the
CBF for all time, then safety is ensured [5]. CBFs have
been generalized to high-degree [6], stochastic [7], [8], and
uncertain [9], [10] systems, and applied in diverse domains
such as bipedal locomotion [11], automotive control [12],
[13], and UAVs [14], [15].

While there is a large body of work on proving safety
given CBF-induced linear control constraints, the problem
of verifying whether such constraints can always be satisfied
has received less attention. While constraint satisfaction is
guaranteed for fully-actuated systems, the more general case
remains open. Recent approaches have been proposed that
consider finite time horizons [8], [16] or assume that the
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control input is a “backup controller”, however, such methods
may be conservative. A systematic approach to verification of
CBFs, as well as synthesizing CBFs with provable guarantees
on safety, would enable broader adoption of CBFs as well as
construction of CBFs with minimal performance trade-off.

In this paper, we develop a framework for verification
and synthesis of CBFs for polynomial control systems. Our
approach is based on the fact that the safety guarantees
rely on two properties. First, there should be no point on
the boundary of the CBF for which the Lie derivative of
the CBF is always negative. Second, the safe region of the
CBF should be contained within the overall safe region.
We show that both conditions can be expressed as the non-
existence of solutions to polynomial equations, which can
then be mapped to a set of sum-of-squares inequalities via
the Positivstellensatz [17]. This Positivstellensatz mapping
allows verification of CBFs via semidefinite programming
and construction of CBFs. Our specific contributions are as
follows:

• We develop a SOS program for verifying that a given
CBF construction ensures safety. We extend this ap-
proach to high-order CBFs and systems with multiple
CBF constraints.

• We propose an alternating-descent heuristic for synthe-
sizing CBFs using the proposed conditions.

• We consider special cases of our approach, including
compact safe regions, and constraints where the unsafe
region is a union of non-overlapping convex sets.

• We evaluate our approach through a numerical study.

This paper is organized as follows. Section II presents
related work. Section III gives preliminary results. Section
IV gives our problem formulation and CBF verification
approach. Section V presents our approach to CBF synthesis.
Section VI contains numerical results. Section VII concludes
the paper.

II. RELATED WORK

CBFs were initially proposed in [12] and further devel-
oped in [11]. Extensions of CBFs to high-degree [6], [18],
stochastic [7], Euler-Lagrange [19], [20], uncertain [21], and
hybrid [22] systems have been proposed. Minimal CBFs
were proposed in [23]. CBFs with actuation constraints
were investigated in [15]. Most of these works provide
safety guarantees under the assumption that a CBF satisfying
given safety and reachability properties exists, or derive
CBFs from a priori known backup controllers. Hence, they
are complementary to the present paper, which investigates
synthesis and verification of CBFs.



Some recent works have investigated the problem of
constructing CBFs from the point of view of abstraction-free
synthesis, in which a higher-level specification (e.g., a tempo-
ral logic formula) is implemented by a sequence of control
actions, each represented by one or more CBFs [8], [16],
[24]–[26]. These approaches are distinct from this paper; in
particular, they focus on safety over finite time horizons, as
opposed to the positive set invariance guarantees provided in
this paper. Sum-of-squares optimization techniques for safety
verification, including SOS methods for barrier certificate
construction, have been proposed [27].

The problem of identifying positive invariant sets and
characterizing states from which safety can be guaranteed has
received extensive interest [4], [28]. Other related methods
include HJB equations [29] and Lyapunov analysis [30]. The
results presented in this paper on verification of safety and
synthesis of safe control policies, however, have not appeared
in the existing literature. The problem of avoiding convex
obstacles (considered in Section V-C of this paper) has been
studied, e.g., in [31], where it was shown that the obstacles
can be avoided through a separating hyperplane construction.
CBF-based policies for guaranteed convex obstacle avoid-
ance, however, have not been proposed.

III. PRELIMINARIES AND BACKGROUND

In this section, we define sum-of-squares polynomials
and provide background on the Positivstellensatz. A sum-
of-squares (SOS) polynomial is a polynomial f(x) such that

f(x) =

m∑
i=1

gi(x)2

for some polynomials g1(x), . . . , gm(x). Selecting coeffi-
cients of f(x) to ensure that f(x) is a sum-of-squares can
be formulated as a semidefinite program, a procedure known
as sum-of-squares optimization [32].

The Positivstellensatz gives necessary and sufficient con-
ditions for a set of polynomial constraints to have a real
solution. It is stated as follows.

Theorem 1 (Positivstellensatz [17]): Consider a collec-
tion of polynomials {fj : j = 1, . . . , r}, {gi : i = 1, . . . ,m},
and {hk : k = 1, . . . , s}. Then the set r⋂

j=1

{x : fj(x) ≥ 0}

 ∩( m⋂
i=1

{x : gi(x) = 0}

)

∩

(
s⋂

k=1

{x : hk(x) 6= 0}

)
is empty if and only if there exist polynomials f , g, and
h satisfying (i) f(x) =

∑r
j=1 αj(x)fj(x), where αj(x) is

a sum-of-squares; (ii) g(x) =
∑m
i=1 ηi(x)gi(x) for some

polynomials η1, . . . , ηm, (iii) h is a product of powers of
the hk’s, and (iv) f(x) + g(x) + h(x)2 = 0 for all x.

We note that we can verify that there does not exist a
solution to fj(x) ≥ 0, j = 1, . . . , r and gi(x) = 0, i =
1, . . . ,m by choosing {hk} as the singleton set h = 1. The
constraint then becomes f(x) + g(x) + 1 = 0 for all x.

IV. PROBLEM FORMULATION: CBF VERIFICATION

This section presents the problem of verifying a safe
control policy. We first state the problem and then give our
verification framework.

A. Problem Statement and Background on CBFs

We consider nonlinear control systems with dynamics

ẋ(t) = f(x(t)) + g(x(t))u(t) (1)

where x(t) ∈ Rn denotes the state, u(t) ∈ Rm is a control
input, and f : Rn → Rn and g : Rn → Rm are polynomials.
The safe region is defined as C = {x : h(x) ≥ 0}, where
h : Rn → R is a polynomial. The boundary of the safe
region, denoted ∂C, is defined by ∂C = {x : h(x) = 0}. The
viability kernel is defined as follows [33].

Definition 1: The viability kernel is a set Ω ⊆ C such that,
for any x0 ∈ Ω, there is a control input signal {u(t) : t ∈
[0,∞)} that guarantees x(t) ∈ Ω for all time t when the
initial state is x(0) = x0.
The problem studied in this section is as follows.

Problem 1: Given a system (1) and a safety constraint set
C, (i) verify whether a set Ω̃ is contained in the viability
kernel, and (ii) verify that a given control policy ensures
that the system state remains in the viability kernel.

Note that we do not consider any constraints on the control
input u(t) (e.g., limits on actuation). As a first step to our
approach, we define control barrier functions and high-order
control barrier functions as follows.

Definition 2: A function b is a control barrier function for
system (1) if there is a class-K function α such that, for all
x with b(x) ≥ 0, there exists u satisfying

∂b

∂x
(f(x) + g(x)u) ≥ −α(b(x)) (2)

The following result establishes the safety guarantees
provided by CBFs.

Theorem 2 ( [12]): Suppose that b is a CBF, b(x(0)) ≥ 0,
and u(t) satisfies (2) for all t. Then the set {x : b(x) ≥ 0}
is positive invariant.

A potential drawback of CBFs occurs in high-degree
systems when ∂b

∂xg(x) = 0. High-order CBFs (HOCBFs),
defined as follows, address this weakness.

Definition 3 ( [6]): For a function b, define functions
ψ0, . . . , ψr by

ψ0(x) = b(x)

ψ1(x) = ψ̇0(x) + α1(ψ0(x))

...
ψr(x) = ψ̇r−1(x) + αr(ψr−1(x))

where α1, . . . , αr are class-K functions. Define set Ci by
Ci = {x : ψi(x) ≥ 0} for i = 0, . . . , r. The functions
b, ψ1, . . . , ψr define a HOCBF if ∂ψi

∂x g(x) = 0 for i < r
and, for all x ∈

⋂r
i=0 Ci, there exists u satisfying

Lrfb(x)+LgL
r−1
f b(x)u+O(b(x))+αm(ψr−1(x)) ≥ 0 (3)

where O(b(x)) denotes lower-order Lie derivatives of b(x).



Throughout the paper, we let L denote the Lie derivative
of a function. The following result establishes the positive
invariance of HOCBFs.

Theorem 3 ( [6]): If b is a HOCBF, then the set
⋂r
i=0 Ci

is positive invariant.
While these results lead to safety guarantees for CBFs and

HOCBFs, they do not provide a procedure for verifying that
such an input u(t) exists for all t (Problem 1). We derive
such an approach in the next section.

B. Verification of CBFs

In what follows, we present an SOS-based approach to
verifying a CBF and approximating the viability kernel. We
have the following initial result.

Proposition 1: The function b(x) is a CBF iff there is no
x satisfying b(x) = 0, ∂b

∂xg(x) = 0, and ∂b
∂xf(x) < 0.

Proof: By Nagumo’s Theorem [4], we have that
b(x(t)) ≥ 0 for all t ≥ 0 iff ḃ(x(t)) ≥ 0 at the boundary,
i.e., when b(x) = 0. Suppose that b(x) = 0. If ∂b

∂xg(x) 6= 0,
then u(t) can be chosen to satisfy (2). One feasible choice
is to select i with

[
∂b
∂xg(x)

]
i
6= 0 and choose

ui(t) = −
([

∂b

∂x
g(x)

]
i

)−1
(
∂b

∂x
f(x) + α(b(x)))

and uj(t) = 0 for j 6= i. Otherwise, if ∂b
∂xg(x) = 0 and

∂b
∂xf(x) ≥ 0, then ḃ(t) ≥ 0. Conversely, if ∂b

∂xg(x0) = 0,
∂b
∂xf(x0) < 0, and b(x0) = 0 for some x0, then the set
{b(x) ≥ 0} will not be positive invariant, since x(t) will
leave the set if x(0) = x0.

Based on this proposition, we can formulate the following
conditions via the Positivstellensatz.

Theorem 4: A polynomial b(x) is a CBF for (1) if and
only if there exist polynomials η(x), θ1(x), . . . , θm(x), SOS
polynomials α0(x) and α1(x), and an integer r such that

η(x)b(x) +

m∑
i=1

θi(x)

[
∂b

∂x
g(x)

]
i

− α0(x)− α1(x)
∂b

∂x
f(x)

+

(
∂b

∂x
f(x)

)2r

= 0 (4)

Moreover, the set {b(x) ≥ 0} is a subset of the viability
kernel of C if (4) holds and there exist SOS polynomials
β0(x) and β1(x) and a polynomial ω(x) such that

β0(x) + β1(x)b(x) + w(x)h(x) + 1 = 0 (5)
Proof: By Proposition 1, we have that b(x) is a CBF iff

there is no x satisfying b(x) = 0, ∂b∂xg(x) = 0, and ∂b
∂xf(x) <

0. The latter condition is equivalent to − ∂b
∂xf(x) ≥ 0 and

∂b
∂xf(x) 6= 0. These conditions are equivalent to (4) by
Theorem 1.

Now, suppose that (4) holds, and hence b(x(t)) ≥ 0 for all
t under any control policy satisfying (2) for all t. It therefore
suffices to show that b(x(t)) ≥ 0 for all t implies that
h(x(t)) ≥ 0 for all t. If this is not the case, then there exists

a point satisfying h(x) = 0 and b(x) ≥ 0. This, however,
contradicts (5) by Theorem 1.

Next, we derive equivalent conditions for
ψ0(x), . . . , ψr(x) to define a HOCBF.

Theorem 5: If b(x) is a polynomial with relative de-
gree r with respect to (1), then b(x) and ψ0, . . . , ψr
define a HOCBF if and only if there exist polynomials
η(x), θ1(x), . . . , θr(x), SOS polynomials α0(x), α1(x), and
γ0(x), . . . , γr−1(x), and an integer s such that

η(x)b(x) +

r∑
i=1

θi(x)LgL
r−1
f b(x)

−α0(x)−α1(x)(Lrfb(x)+O(b(x)))+
(
Lrfb(x) +O(b(x))

)2s
+

r−1∑
i=0

γi(x)ψi(x) = 0 (6)

Moreover, the set
⋂r
i=0 Ci is a subset of the viability kernel

if there exist SOS polynomials β0(x), . . . , βr+1(x) and a
polynomial w(x) such that

r∑
i=0

ψi(x)βi(x) + βr+1(x) + w(x)h(x) + 1 = 0. (7)

Proof: By Theorem 3, positive invariance of {b(x) ≥
0} is guaranteed if (6) holds for some u at each x ∈

⋂r
i=0 Ci.

Such a u exists if there is no x with x ∈ Ci for all i =
0, . . . , r, ψr(x) = 0, Lr−1f Lgb = 0, and Lrfb+O(b(x)) < 0.
This is equivalent to (6) by Theorem 1.

Now, we want to show that if x(t) ∈ Ci for i = 0, . . . , r
and h(x(0)) ≥ 0, then h(x(t)) ≥ 0 for all t if (7) holds. If (7)
holds, then there is no x satisfying x ∈ Ci for i = 0, . . . , r
and h(x) = 0. Since x(t) ∈ Ci for all t and i = 0, . . . , r,
x(t) never reaches the boundary of C, and hence remains in
C for all time t.

We next consider intersections of CBFs. Such construc-
tions may be useful when a single CBF is not sufficient
to characterize the viability kernel. An example where such
constraints are relevant is when the safe region consists of
the complement of a set of disjoint compact sets, e.g., in an
obstacle avoidance problem where each of the sets represents
an obstacle.

Theorem 6: Let b1(x), . . . , bk(x) be a collection of poly-
nomials. There is a control policy that renders the set⋂k
i=1 {x : bi(x) ≥ 0} positive invariant if the following con-

ditions hold:
1) For each i = 1, . . . , k, there exist polynomials ηi(x),

θi,1(x), . . . , θi,m(x), and SOS polynomials αi,0(x),
αi,1(x), {λij(x) : j ∈ {1, . . . , k} \ {i}} such that

ηi(x)bi(x) +

m∑
j=1

θi,j(x)

[
∂bi
∂x

g(x)

]
j

+ αi,0(x)

− αi,1(x)
∂bi
∂x

f(x) +
∑
j 6=i

λij(x)bj(x) + 1 = 0 (8)

2) For each i, j ∈ {1, . . . , k} with i 6= j, there exist
polynomials wiij(x) and wjij(x) and SOS polynomials



αi,j,l(x) for l = 1, . . . ,m, such that

−
m∑
l=1

(
αi,j,l(x)

[
∂bi
∂x

g(x)

]
l

[
∂bj
∂x

g(x)

]
l

)
+ αi,j,0(x) + wiij(x)hi(x) + wjij(x)hj(x) + 1 = 0

(9)
Proof: We consider a control policy in which the

control u is chosen to satisfy (2) for each of the functions bi.
Suppose the conditions of the theorem hold. For each x(t)
at the boundary of

⋂k
i=1 {bi(x) ≥ 0}, define Z(x) = {i :

bi(x) = 0}. We have the following cases.
Case I – Z(x) = {i}: In this case, Condition (8) implies

that there is no x ∈
⋂k
j=1 {bj(x) ≥ 0} with bi(x) = 0,

∂bi
∂x g(x) = 0, and ∂bi

∂x f(x) < 0. Hence we can select a
u(t) satisfying (2), ensuring that the state does not leave⋂m
i=1 {bi(x) ≥ 0}.
Case II - |Z(x)| > 1: We claim that, if Condition (9)

holds, then for all i, j ∈ Z(x) and l = 1, . . . ,m, either[
∂bi
∂x g(x)

]
l

and
[
∂bj
∂x g(x)

]
l

have the same sign, or one of
them is zero. Indeed, Condition (9) and the Positivstellensatz
imply that there is no point x satisfying hi(x) = hj(x) = 0
and [

∂bi
∂x

g(x)

]
l

[
∂bj
∂x

g(x)

]
l

, l = 1, . . . ,m.

Hence, for each i ∈ Z(x), we can select u of sufficient
magnitude to ensure that constraint (2) is satisfied.

Finally, we note that, given multiple CBFs
b1(x), . . . , bk(x) for a safe region C, the set⋃k
i=1 {x : bi(x) ≥ 0} is contained in the viability kernel.

V. CONTROL BARRIER FUNCTION CONSTRUCTION

This section gives techniques for constructing control
barrier functions. The problem studied in this section is
formulated as follows.

Problem 2: Given a system (1) and a safety constraint set
C, construct a CBF (or HOCBF) b that verifiably guarantees
positive invariance of C.

We first present a general heuristic based on sum-of-
squares optimization, followed by approaches for linear
systems and compact safe regions, as well as convex unsafe
regions.

A. General Heuristic

Our approach is based on the observation that the CBF
conditions of Theorems 4–6 are polynomial constraints, en-
abling efficient verification when the candidate CBF b(x) is
given. If b(x) is unknown, however, the constraints are non-
linear and cannot be converted to linear matrix inequalities
as in sum-of-squares optimization. We therefore propose an
alternating-descent heuristic which is described as follows.

We initialize b0(x) arbitrarily, and initialize parameters ρ0
and ρ′ to be infinite. At step k, we solve the following SOS
program with variables ρ, αk(x), ηk(x), θk1 (x), . . . , θkm(x),

w(x), and βk(x)

minimize ρ

s.t. αk(x)∂b
k−1

∂x f(x) +
∑m
i=1 θ

k
i (x)

[
∂bk−1

∂x g(x)
]
i

+ηk(x)bk−1(x) + ρΛ(x)− 1 ∈ SOS
−βk(x)bk−1(x) + w(x)h(x)− 1 ∈ SOS
βk(x), αk(x) ∈ SOS

(10)
Here Λ(x) is a fixed SOS polynomial of sufficiently

large degree to ensure that the first constraint is SOS for
sufficiently large ρ. We let ρk denote the value of ρ returned
by the optimization. The procedure terminates if ρ ≤ 0 or if
|ρk−ρ′k−1| < ε. Otherwise, we solve the SOS problem with
variables ρ and bk given by

minimize ρ

s.t. αk(x)∂b
k

∂x f(x) +
∑m
i=1 θ

k
i (x)

[
∂bk

∂x g(x)
]
i

+ηk(x)bk(x) + ρΛ(x)− 1 ∈ SOS
−βk(x)bk(x) + w(x)h(x)− 1 ∈ SOS
βk(x), αk(x) ∈ SOS

(11)
We let ρ′k denote the value of ρ returned by the optimization.
The procedure terminates if ρ ≤ 0 or if |ρk − ρ′k| <
ε. The following theorem establishes the correctness and
convergence of this approach.

Theorem 7: If the procedure described above terminates
at stage k with ρk ≤ 0, then bk−1(x) is a CBF and
{bk−1(x) ≥ 0} is a subset of the viability kernel. If the
procedure terminates at stage k with ρ′k ≤ 0, then bk(x) is
a CBF and {bk(x) ≥ 0} is a subset of the viability kernel.
The procedure converges in a finite number of iterations k.

Proof: We prove that if ρk ≤ 0, then bk−1(x) is a CBF
and {bk−1(x) ≥ 0} is a subset of the viability kernel. The
case of ρ′k ≤ 0 is similar. If ρk ≤ 0, then by construction of
(10) there exist SOS polynomials α(x) and β(x) such that

α(x) = αk(x)
∂bk−1

∂x
f(x) +

m∑
i=1

θki (x)

[
∂bk−1

∂x
g(x)

]
i

(12)

+ηk(x)bk−1(x) + ρiΛ(x)− 1 (13)
β(x) = −βk(x)bk−1(x) + w(x)h(x)− 1 (14)

Rearranging (13) and setting θ = −θki and η = −ηk yields

m∑
i=1

θi(x)

[
∂bk−1

∂x
g(x)

]
i

+ η(x)bk−1(x)

+ α(x)− ρkΛ(x)− αk(x)
∂bk−1

∂x
f(x) + 1 = 0

Since ρk ≤ 0 and Λ(x) is SOS, α(x) − ρkΛ(x) is SOS.
Hence, by Theorem 1, there does not exist any x satisfying

∂bk−1

∂x
f(x) ≤ 0, bk−1(x) = 0,

∂bk−1

∂x
g(x) = 0

and bk−1(x) is a CBF by Proposition 1.
Similarly, setting w(x) = −w(x), we have

β(x) + βk(x)bk−1(x) + w(x)h(x) + 1 = 0,

implying that {bk−1(x) ≥ 0} ⊆ C by Theorem 4.



Finally, to prove convergence, we observe that ρ′k−1,
αk−1(x), ηk−1(x), θk−11 (x), . . . , θk−1m (x), and βk−1(x)
comprise a feasible solution to (10) and ρk, bk−1(x) are
feasible solutions to (11). Hence ρ1 ≥ ρ′1 ≥ · · · ≥ ρk ≥
ρ′k ≥ · · · , i.e., the sequence is monotone nonincreasing. If
the sequence is unbounded, then there exists K such that
ρk, ρ

′
k ≤ 0 for all k > K, and hence the algorithm terminates

after K iterations. If the sequence is bounded below by zero,
then it converges by the monotone convergence theorem and
hence |ρk − ρ′k| < ε and |ρk − ρ′k−1| < ε for k sufficiently
large, implying termination of the procedure.

We next consider the problem of constructing HOCBFs.
We observe that, in addition to the same non-convexity as
the CBF, HOCBFs have an additional degree of freedom,
namely, the selection of the class-K functions αi in Definition
3. To mitigate this complexity, we present the following.

Proposition 2: Let ψ0(x), . . . , ψr(x) be a collection of
polynomials such that the following hold: (i) for all i =
1, . . . , r, there is no x satisfying ψi(x) ≥ 0, ψi−1(x) = 0,
and ∂ψi−1

∂x f(x) < 0, and (ii) ∂ψi

∂x g(x) = 0 for all i < r. If (3)
holds for all t, then

⋂r
i=0 {ψi(x) ≥ 0} is positive invariant.

Proof: The proof is by backwards induction. By (3),
ψr(x(t)) ≥ 0 for all t. By Nagumo’s Theorem, we have that
Lψi−1(x) ≥ 0 at the boundary points where ψi−1(x) = 0
and ψi ≥ 0, and hence {ψi−1 ≥ 0} is positive invariant if
{ψi(x) ≥ 0} is positive invariant, completing the proof.

We then adopt the following alternating-descent
procedure analogous to the CBF case. We initialize
ψ0 arbitrarily and choose ψ1, . . . , ψr according
to Definition 3. We then solve the SOS problem
with variables ρ, αk(x), ηk(x), θk1 (x), . . . , θkm(x),
w(x), βk(x), λk0(x), . . . , λkr−1(x), ζk0 (x), . . . , ζkr−1(x),
γk0 (x), . . . , γkr−1(x), and φ0(x), . . . , φr−1(x)

min ρk
s.t. ηk(x)ψk−1r (x) +

∑m
i=1 θ

k
i (x)LgL

r−1
f ψk−1r−1 (x)

+αk(x)(Lrfψ
k−1
r−1 (x) +O(b(x)))

−
∑r−1
i=0 γ

k
i (x)ψk−1i (x) + ρkΛ(x)− 1 ∈ SOS

−
∑r−1
i=0 ψ

k−1
i (x)βki (x) + w(x)h(x)− 1 ∈ SOS

−λki ψ
k−1
i (x) + ζki−1(x)ψk−1i−1

+φki (x)Lψk−1i−1 (x)− 1 ∈ SOS, i = 1, . . . , r
λki (x), φki (x), βki (x), αk(x), γki (x) ∈ SOS

(15)
As above, Λ(x) is a suitably-chosen SOS polynomial. If
the solution ρk ≤ 0 or |ρk − ρ′k−1| < ε, the algorithm
terminates. Else, we solve the SOS program with variables
ψk0 (x), . . . , ψkr (x), ρ′k given by

min ρ′k
s.t. ηk(x)ψkr−1(x) +

∑m
i=1 θ

k
i (x)LgL

r−1
f ψkr−1(x)

+αk(x)(Lrfψ
k
r−1(x) +O(b(x)))−

∑r−1
i=0 γ

k
i (x)ψki (x)

+ρ′kΛ(x)− 1 ∈ SOS
−
∑r
i=0 ψ

k
i (x)βki (x) + w(x)h(x)− 1 ∈ SOS

−λki ψki (x) + ζki−1(x)ψki−1
∂ψk

i

∂x g(x) = 0, i = 0, . . . , (r − 1)
+φki (x)Lψki−1(x)− 1 ∈ SOS, i = 1, . . . , r

(16)

If ρ′k ≤ 0 or |ρk − ρ′k| < ε, the algorithm terminates. We
have the following result.

Theorem 8: If ρk ≤ 0, then ψk−10 (x), . . . , ψk−1r (x) define
a HOCBF and

⋂r
i=0 {ψ

k−1
i (x)} ⊆ C. If ρ′k ≤ 0, then

ψk0 , . . . , ψ
k
r (x) define HOCBF and

⋂r
i=0 {ψki (x)} ⊆ C. The

procedure terminates in finite time.
Proof: We prove that if ρk ≤ 0, then

ψk−10 (x), . . . , ψk−1r (x) defines a HOCBF and⋂r
i=0 {ψ

k−1
i (x)} ⊆ C. The case of ρ′k ≤ 0 is similar.

If ρk ≤ 0, then

η(x)ψk−1r (x)− αk(x)(Lrfψ
k−1
r (x) +O(b(x))) + α(x)

+

m∑
i=1

θi(x)LgL
r−1
f ψk−1r (x)+

r−∑
i=0

γki (x)ψk−1i (x)+1 = 0

for some SOS polynomial α(x), where η(x) = −ηk(x) and
θi(x) = −θki (x). Hence Eq. (3) is feasible for all x ∈⋂r
i=0 {ψ

k−1
i (x) ≥ 0} by the Positivstellensatz. Similarly, we

have that

β(x) +

r∑
i=0

ψk−1i (x)βki (x) + w(x)h(x),

and hence
⋂r
i=0 {ψ

k−1
i (x) ≥ 0} is in the viability kernel.

Finally, we have

λki ψ
k−1
i (x)− ζi−1(x)ψk−1i (x)− φki (x)Lψk−1i−1 (x)

+ λi(x) + 1 = 0

for some SOS polynomial λi(x) for all i, and thus the
conditions of Proposition 2 hold and the set is a subset of the
viability kernel. The termination proof is similar to Theorem
7.

The preceding results provide heuristics for constructing
CBFs and HOCBFs. However, we observe several limi-
tations of this approach. First, there is no guarantee that
the algorithm will terminate when ρk ≤ 0, and hence no
guarantee that a CBF or HOCBF will be returned. Second,
the approach involves solving 2k SOS programs, each of
which includes multiple linear matrix inequalities, and hence
is computationally challenging for high-dimensional systems.
In the following, we present more efficient approaches with
provable guarantees for special cases of compact safe re-
gions, as well as convex unsafe regions.

B. Compact Safe Region

In what follows, we consider the case where C is compact.
Our approach is motivated by the following preliminary
result.

Proposition 3 ( [34]): Suppose that ẋ(t) = f(x(t)) is a
dynamical system that remains in a compact region. Then
f(x) has a fixed point.

We observe that, if a given feedback control policy ensures
that x(t) remains within the safe region, then the control
policy results in a fixed point. Based on this preliminary
result, our approach is to identify fixed points of (1), and
then construct barrier functions in the neighborhoods of those
points.



Lemma 1: Let (x∗, u∗) satisfy f(x∗) + g(x∗)u∗ = 0 and
x∗ ∈ int(C). Then there exists a positive definite matrix P
and δ > 0 such that the function

b0(x;x∗) = δ − (x− x∗)TP (x− x∗)

is a CBF with {b0(x;x∗) ≥ 0} ⊆ C.
Proof: Let ẋ(t) = Fx(t)+Gu(t) be the linearization of

(1) in a neighborhood of (x∗, u∗). Let ũ(t) = u∗−K(x−x∗)
be a stabilizing controller of the linearized system. Hence,
there is a quadratic Lyapunov function V (x) = (x −
x∗)TP (x − x∗) such that (1) is asymptotically stable in a
neighborhood of x∗, i.e.,

∂V

∂x
(f(x) + g(x)ũ(t)) ≤ 0.

By construction of b0(x;x∗), this is equivalent to

∂b0(x;x∗)

∂x
(f(x) + g(x)ũ) ≥ 0

for (x − x∗) sufficiently small. Furthermore, since x∗ is
an interior point, b0(x;x∗) ≥ 0 is contained in C for δ
sufficiently small.

The preceding lemma implies that we can construct a
CBF by identifying a fixed point (x∗, u∗), constructing a
stabilizing linear controller u = −Kx of the linearized
system, and solving the Lyapunov equation

F
T
P + PF +N = 0,

where F = (F − GK) and N is a positive definite matrix.
We can then to find a value of δ such that b0(x;x∗) is a CBF
by solving a sequence of SOS verification problems of the
form (4) and (5). We have the following result.

Theorem 9: Suppose that (x∗, u∗) is a fixed point of (1),
P is a solution to the Lyapunov equation corresponding to a
stabilizing controller of the linearized system, and the SOS
constraints

α(x)(−2(x−x∗)TPf(x))+

m∑
i=1

θi(x)
[
−2(x− x∗)TPg(x)

]
i

+ η(x)(δ − (x− x∗)TP (x− x∗)) ∈ SOS (17)

and

h(x) − β(x)(δ − (x − x∗)TP (x − x∗)) ∈ SOS (18)

hold for some polynomials θ1, . . . , θm, η(x) and SOS poly-
nomials α(x) and β(x). Then b0(x;x∗) = δ − (x −
x∗)TP (x − x∗) is a CBF and {b0(x;x∗) ≥ 0} is in the
viability kernel.

Proof: If (17) holds, then b0 is a CBF by Theorem 4.
To show (18) implies that {b0 ≥ 0} is in the viability kernel,
we use nonnegativity of SOS polynomials to conclude that
{b0(x) ≥ 0} implies {h(x) ≥ 0} if

h(x) = β(x)b0(x) + β0(x)

for some SOS β and β0. Rearranging terms gives (18).
The preceding theorem suggests that a binary search

approach can be used to find the maximum δ such that (17)

and (18) hold, and choosing b0(x;x∗) as the CBF. Moreover,
we can generalize this approach by considering functions of
the form

b1(x;x∗) = b0(x;x∗) + α(h(x)),

where α(·) is a class-K function. We have the following.
Lemma 2: If b1(x;x∗) is a CBF, then the set

V(b0, b1) = ({b0(x;x∗) ≥ 0} ∪ {b1(x;x∗) ≥ 0}) ∩ C

is in the viability kernel.
Proof: We construct a control policy that ensures

positive invariance of V(b0, b1) as follows. We select µ to
satisfy (2) for b0(x;x∗) when b0(x(t);x∗) ≥ 0 and to satisfy
(2) for b1(x;x∗) ≥ 0 if b1(x(t);x∗) ≥ 0 and b0(x;x∗) < 0.

First, suppose that b0(x(t′);x∗) ≥ 0 for some t′. Since
b0(x;x∗) is a CBF, the set {b0(x;x∗) ≥ 0} is positive
invariant and is contained in C.

Next, suppose that x(t0) ∈ V(b0, b1) \ {b0(x) ≥ 0} and
yet x(t0) is not in the viability kernel. Let

t∗ = inf {t : h(x(t)) = 0}.

By the preceding discussion, we must have b0(x(t)) < 0 for
t ∈ [t0, t

∗]. We therefore have

b1(x(t∗);x∗) = b0(x(t∗);x∗) + α(h(x(t∗))

= b0(x(t∗)) < 0

contradicting Theorem 2.
One candidate for α is the function α(h(x)) = kh(x), where
k is a positive real number. We observe that, for k sufficiently
small, b0(x;x∗) + kh(x) is a CBF. We can therefore select
such a k by solving the feasibility problem (4)–(5) and
approximate the viability kernel as⋃
x∗∈FP

(({b0(x;x∗) ≥ 0} ∪ {b0(x;x∗) + kh(x) ≥ 0}) ∩ C)

where FP denotes the set of fixed points of (1).
We observe that, while this approach is valid for general

unsafe regions, there may be safe trajectories that do not
contain fixed points when the safe region is not compact.

C. Convex Unsafe Region

In what follows, we consider a special case where the
viability kernel and C are identical. This is the case of
controllable linear systems ẋ(t) = Fx(t) +Gu(t) where the
safe region is given by C = Rn \

⋃m
i=1 {hi(x) ≤ 0}, where

each hi is a convex function, and the distance d({hi(x) ≤
0}, {hj ≤ 0}) > δ for all i, j and some δ > 0. We observe
that this problem formulation has been considered, e.g., in
[31], and safe control strategies have been proposed. This
section presents a CBF-based framework for convex obstacle
avoidance.

Theorem 10: Under the conditions described above, the
viability kernel is equal to C, and there exists a CBF-based
policy that ensures safety.

Proof: We will prove that, for any ε > 0, there
exists a control policy such that

⋂m
i=1 {hi(x) > ε} is in the



(a) (b)

Fig. 1: Illustration of our CBF framework. (a) Numerical example showed in (19). A trajectory originating inside the shaded
viability kernel remains inside the safe region (outer blue circle), while a trajectory originating outside the viability kernel
but inside the safe region exits the safe region. (b) Inverted pendulum with dynamics (20). The trajectory originating inside
the viability kernel remains safe, while the trajectory originating outside the viability kernel exits the safe region.

viability kernel. The proof is by construction. We assume
that ε < δ. As a first step, for each i, we cover the set
{x : hi(x) ∈ (ε/2, ε)} with a collection of balls denoted
{Uij : j ∈ Ii} where Ii is an index set. For each Uij , we let
hij(x) = aTijx−bi be such that {hij(x) ≥ 0} is a separating
hyperplane between Uij and {hi(x) < ε/2}.

We consider each set Uij . In the case where aTijG 6= 0,
our control policy follows the CBF constraint (2) whenever
x ∈ Uij . When aTijG = 0, we have that aTijF

rG 6= 0 for
some r ∈ {1, . . . , n − 1} since (F,G) is controllable. We
then define an HOCBF as

h
0

ij(x) = hij(x)

h
1

ij(x) = aTijFx+ k0h
0

ij(x)

...

h
r−1
ij (x) = aTijF

r−1x+

r−2∑
l=1

(
r−2∏
s=l

ks

)
aTijF

lx

+

(
r−2∏
s=0

ks

)
h
0

ij(x)

for k0, . . . , kr−2 > 0. In the limit as kl → 0 (for l > 0) and
k0 →∞, the set

Cij =

r−1⋂
l=0

{hlij(x) ≥ 0}

approaches {hij(x) ≥ 0}.
Hence, by following this control policy, the set⋂m
i=1 {hi(x) > ε} is positive invariant, implying the viability

kernel is equal to C.

VI. SIMULATION

We evaluated our approach through simulation of two
example systems. First, we examined an unstable linear

system with dynamics

ẋ(t) =

(
1 0
−1 4

)
x(t) +

(
1
0

)
u(t) (19)

As the safe region, we chose {h(x) ≥ 0} where h(x) =
1 − xTx, i.e., the unit disc. We first approximated the
viability kernel using the approach of Section V-B, using the
stabilizing feedback controller u(t) = −Kx(t) where K =
(8−30). The approximate viability kernel is shown as the red
shaded in region in Fig. 1(a). To evaluate our approximation
of the viability kernel, we simulated trajectories beginning
inside and outside the kernel at the points (−0.75 − 0.15)T

and (−0.4 −0.4)T , respectively. For both points, we used a
CBF-based control policy with CBF h = k−(x−x0)TP (x−
x0), where k = 1.1575, x0 = (0.1378 0), and

P =

(
6.23 −26.7
−26.7 146.7

)
As shown in Fig. 1(a), the trajectory originating inside
the viability kernel remains safe, whereas the trajectory
originating at the point outside the viability kernel leaves
the safe region.

We next evaluated our approach on an inverted pendulum
with dynamics

ẋ(t) =

(
0 1
1 0

)
x(t) +

(
0
1

)
u(t) (20)

and the safe region is defined by [−0.1, 0.15]× [−0.3, 0.25].
This region can be viewed as the intersection of four half-
plane constraints. We approximated the viability kernel of
Section V-B with feedback controller u(t) = −Kx(t) where
K = (3 3). We simulated trajectories beginning inside
and outside the kernel at the points (0.1 − 0.1)T and
(0.13 0.25)T , respectively. For both initial conditions, we
used a CBF-based control policy with CBF h = k − (x −



x0)TP (x− x0), where k = 0.01, x0 = 0, and

P =

(
1.25 0.25
0.25 0.25

)
The trajectory originating within the viability kernel remains
in the safe region for all time, while the trajectory originating
outside the viability kernel leaves the safe region returning
to the origin.

VII. CONCLUSIONS AND FUTURE WORK

This paper presented a framework for verification and
synthesis of control barrier functions for safe control. We
mapped the conditions for safe CBFs and HOCBFs to the ex-
istence of solutions to a system of polynomial equations. Us-
ing the Positivstellensatz, we proved that these conditions are
equivalent to sum-of-squares optimization problems, which
can be solved via semidefinite programming. We proposed
CBF construction heuristics, including an alternating-descent
semidefinite programming approach, a Lyapunov function-
based method, and a CBF construction for convex unsafe
regions. Our results were verified via numerical study, which
showed that our approach distinguished between safe and
unsafe states of an unstable linear system.
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