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Abstract— A broad class of multi-agent systems are leader-
follower systems, in which the states of a set of leader agent
are used to influence the states of the remaining agents. In it
paper, we study the problem of choosing specific agents that
will act as leaders in order to optimize system performance.
We show that for a diverse set of networked multi-agent
systems, including systems with constant and time-varying
topologies, the leader selection problem can be studied ugj
a submodular optimization framework. We further show that
the problems of choosing a predefined number of leader nodes,
as well as choosing both the number and specific nodes to
satisfy a performance requirement, can be formulated withn
the proposed submodular optimization framework. We derive
analytical performance bounds for the proposed solutionsdr
linear multi-agent systems with static as well as time-varing
network topologies. Numerical illustration is provided for the
proposed approach.

I. INTRODUCTION

switches between predefined topologies, arfatrary time-
varying topologiesin which the network topology evolves
stochastically over time.

Leader agents are traditionally selected based on majority
voting or node degree-based approaches [5]. However, these
heuristics may not be sufficient to ensure controllability o
optimal performance of the system.

In [6], control-theoretic analysis of leader-follower sys
tems was introduced. In a control framework, the follower
states are treated as the plant, while the leader stateglprov
external input. Under this model, the dynamics of the plant
are governed by the graph Laplacian of the subgraph formed
by the follower nodes. In [6], it was shown that, for a
given set of leaders, the follower system is controllable if
and only if the eigenvalues of the Laplacian for the graph
consisting of the followers are distinct. It was also shown
that choosing highly connected nodes as leaders may result

A wide variety of processes, including robotic navigatiorin an uncontrollable system.

and tracking [1], formation control of UAVs [2], and dis-
tribution estimation and synchronization in sensor neksor

In the presence of noisy links, agent states will deviate
from their desired operating points. In [7], the authors\aer

[3], can be modeled as multi-agent systems. Typical multthe error covariance associated with a given node’s state as
agent systems consist of autonomous agents that are interca function of the network topology and the error distribatio

nected, with each agent influencing the states and dynam
of the surrounding agents.

whkeach link. The error covariance of a node’s state is shown
to be related to the graph effective resistance between that

A broad class of multi-agent systems can be furthemode and the leader nodes. The results of [6], [7] show that
classified as leader-follower systems, in which a set ofdeadthe controllability and noise rejection properties of ategs

nodes are used to control the states of the remaining nod

dspend on the choice of leader nodes.

Examples include localization in sensor networks based onlIn this paper, we study the problem of optimal leader

relative distance to GPS-equipped anchor nodes, as well

sadection in linear multi-agent systems with noisy linkse W

unmanned vehicle formations in which some vehicles arghow that, for both static and time-varying topologies, the
controlled remotely. In such systems, the states of thesleadporoblem of selecting leaders to minimize the total error
nodes are treated as inputs, while each follower node’s statovariance of the system can be posed as a submodular

is a weighted average of its neighbors’ states (ihear
agreement protocdl[4]. Through the agreement protocol,

optimization framework.
We make the following contributions:

inputs from the leader nodes propagate through the systems We consider the problem afptimal leader selectiom

and influence the states of the follower nodes.

Propagation of leader input may be disrupted by a number

of factors. First, since the agreement protocol relies aea

node measuring the states of its neighbors, the protocole
can be affected by measurement errors. Such errors may

lead to application-specific failures, such as deviatioomf

the expected formation or inaccurate distributed estimate

linear multi-agent systems with noisy links and map
the problem to a framework based @ubmodular
optimization

In order to show that the leader selection problem is
submodular, we observe that the effective resistance of
a graph is proportional to the commute time of a random
walk on the graph, which we prove is a supermodular

Secondly, since multi-agent systems may consist of mobile
agents communicating over lossy links, they are prone to
changes in network topology. Topology changes arise from
link failures in which certain links become unavailable
over time, switching topologieg4], in which the network

function. This in turn implies that effective resistance
is supermodular. We then use the known result that the
error covariance of a multi-agent system is equal to its
effective resistance to show that the error covariance is
supermodular.



« We formulate two types of leader selection problem#. System model

within our optimization framework and show that these A multi-agent system of. agents with graph structure
problems are dual to one another: (a) when a fixegr _ (V,E) is considered, wher& = {1,...,n} is the set
number of leader nodes must be chosen to minimizgf the agents. The pait, j) is in the link setE if agenti's
error, and (b) when the system must achieve a givegtate influences the dynamics of aggntt is assumed that
error bound using the smallest possible number Qqfnks are undirecteld The setV (i) of i's neighborsconsists
leaders. of the nodesj with (i,j) € E. Let A denote the incidence
« We show that a broad class of system types can be an@atrix of 3, i.e. then x m matrix where thee-th column
lyzed under our framework, including (a) networks withhas a1 in the i-th row, a—1 in the j-th row, and zeros
static topologies, (b) networks experiencing randor@lsewhere, when = (i, j).
link outages, (c) networks that switch between a finite, |t js assumed that a subsgtof agents acts dsaders All
predefined set of topologies, and (d) networks withhon-leader nodes arllowers The incidence matrix can
arbitrary time-varying topologies. We present efficientherefore be decomposed intd;, consisting of the rows
solution algorithms for each case. corresponding to the follower nodes, ard, consisting of

results returned by our algorithms, and also give an

empirical comparison of our scheme with random ané: System dynamics

degree-based leader selection algorithms. Each agent with index has a corresponding state_. The
This paper is organized as follows. Section Il presents af@llower nodes are assumed to have state dynamics
sumptions and necessary background. Section Il introsluce T = Z (z; — ;) (1)

the submodular optimization framework for the case of a
static network topology. Section IV discusses leader selec
o : . ) . referred to as thegreement protocol
in time-varying multi-agent systems. Section V contains an . ' . _
) . . . The agreement dynamics defined in (1) rely on agent
experimental evaluation of our approach. Section VI presid .
having an accurate measurementgf= (z; —xz;). Suppose

our conclusions and directions for future work. . .
that the measurements; are corrupted by additive noise;
TABLE | with known covariance?(i, j), so that
NOTATION USED IN THISPAPER

JEN(3)

Tij = Xy — Xj + €5 (2)
Notation Definition The corresponding matrix equation is

n Number of nodes

1% Set of nodes r=Ar+e ®3)

E Set of links wherer and e are vectors inR™ describing the relative

m Number of links measurements and noise, respectively. Letiipgienote the

N() Set of neighbors of node vector of follower node states ang denote the vector of

A Incidence matrix of graplix = (V, E) leader node states, and using the decompositiod @fto

Ay Incidence matrix of follower nodes leader and follower components, (3) becomes

Ay Incidence matrix of leader nodes

T; State of node with index "= Afxf + Az +e (4)

S Set of leader nodes It is assumed that the states are known and that the

k Number of leader nodes follower nodes rely on a linear estimator to find the correct

@y Vector of leader node states values ofz;. The following theorem in [7] describes the

@y Vector of follower node states error of the resulting estimate in terms of the Laplacian of

€ij Measurement error for link, ;) the graph.

7 Vector of relative measurements between nodes Theorem 1:Let Ly = AfWA;*C, whereW is a diagonal
R(i,§) Variance of link errore;; matrix with the valuesk(i, ) ~* as entries. Then the covari-
R(S,u) | Variance of overall measurement error for nade| ance of the estimation error for nodds given by(L;l)uu.

when leader set i In this context, we denote the valt@é;l)uu asR(S,u).
R(S) Suevis R(S u) Let R(S) = 3,cy\s R(S,u). Then R(S) is a measure
R(S|G) > wevys B(S;u) for topology G of the total estimation error within the system, and hence
a Maximum tolerated measurement error also the system’s deviation from its ideal state. Note that
R(S) can be computed by finding the tracebfl, which
Il. BACKGROUND AND PRELIMINARIES can be performed in polynomial time for a given graph. In

In this section, the system model is defined. The cop¥hat follows, we leti(S|G) denote the value ofz(S) for
nection between the assignment of leader nodes and fRe&Pecific topologys.
robustness of the network to mealsurer.nent noige is eXplorelehis assumption comes from the fact that the noise charstiter of
Background on submodular functions is also given. each link are symmetric.



C. Graph effective resistance I1l. PROBLEM FORMULATION — STATIC NETWORK

In this section, the connection between the error co- In this section, the optimal leader selection problem is
variance R(S,u) and the effective resistance of a graptformulated for the case where the edge Beis constant in
is explored. The following lemmas prove th&(S,) is time. As noted in the introduction, there are two possib#it
equivalent to the effective resistance of an equivalewudtr ~for this problem. In the first, due to resource constraintgy o
It is then shown, through a generalization of results in [8f fixed number of nodes may be selected as leaders. The
to sets, that the effective resistance is proportional & thproblem is to choose the leader set in order to minimize the
commute time of a random walk on a graph. total error. In the second, there is a performance requingme

Definition 1: Consider an electrical network with graphexpressed as a bound on the error, and the problem is to find
structureG = (V, E), whereV is the set of nodes and a @ Set of nodes of minimum size that meets the requirement.
resistanceR(i, j) exists across each edge j) € E. Letu
be a node, and le§ C V be a set of nodes with, ¢ S.
Define J, to be the current exiting nodewhen the nodesin ~ The problem of choosing a given fixed numbierof
S are grounded (i.e. have voltagand nodeu has voltage leader nodes in order to minimize the overall erfs)
1. Then the effective resistand®(S, u) betweenu and S is  is formulated as

A. Case | — Choosing a fixed number of leader nodes

equal tol/J.,. minimize  R(S) = 3",y g R(S, u)
The following lemma describes the connection between st 1S| < k @)
the effective resistance of a gragh and the error experi-
enced by the nodes in the multi-agent system. Theorem 2:For a fixed element € V'\ S, R(5,u) is a
Lemma 1:The functionsR(S, u) and &(S,v) are equiv- Supermodular function of.
alent. Proof: By Lemma 2,R(SS, u) is proportional ta<(.S, u),

A proof of Lemma 1 can be found in the appendix.WhiCh is the expected time for a random walk starting &
Interpreting R according to Definition 1 allows use of the "®ach any pointirt' and then return ta. Thus, by Lemma 3,
probabilistic definition of effective resistance, whictbiased ~Proving thati(s, u) is supermodularis equivalent to proving
on random walks on graphs. In this definition, the probapilitthat #(S; u) is supermodular. By Definition 25(5,u) is a

of transitioning from node: to nodev is equal to supermodular function of' if and only if, for any sets4
and B with A C B and for anyj ¢ B,

C(u,v
(u,2) (5) k(A u) — k(AU {j},u) > k(B,u) — k(BU{j},u) (8)

- Yienw Cunt)

L ) Consider the quantity(A, u) — k(AU {j},u). Define A’ =
whereC'(u, v) = R(u,v)”" is the conductance of linku, v). 44 {5}, and defineT’s, and T, to be the (random) times
The following lemma establishes the connection betweeg, a random walk to reacht (respectivelyA’) and return
random walks and effective resistance. to u. Then by definitions (A, u) = E(Ta,) andr(A’, u) =

Lemma 2:Let (S, u) be the expected time for a randomE(TA/u)_ This impliesk(A, u) — k(A 1) = E(Tay—Tary).
walk originating at node: to reach a node i and return | et 7;(A) denote the event where the random walk reaches
to u. ThenR(S,u) = % (Z(i J)eE (j(i,j)) w(S, ). node; before any of the nodes id. Further, letU;4, be

The proof of Lemma 2 cén be found in the appendix. the expected time fpr the rgndom walk to trgvel frgnto
A and then tou, while U;, is the expected time to travel
directly from j to w.

P(u,v)

D. Review of submodular functions

A submodular function is defined as follows. k(A u) = w(A 1) = B(Tay — Tar|m5(A)) Pr(7;(4)) (9)
Definition 2: Let V be a finite set, and lef : 2V — R + E(Tau — Taru|7(A)°) Pr(7;(A)°)
be a function that maps subsetslofto real numbers. Then = (Ujau — Uju) Pr(7j(A)) (10)
f is submodularif, for any setsA and B satisfyingA C B ) ) )
and any elemenf ¢ B, noting that, if the walk reacheag first, thenTs,, and T4/,

are equal. Hence (8) becomes
FAULY) = F(A) = FBULGY - £(B)  (8)
Eq. (6) states that, ifl is a subset ofB, then adding an
elementj to A results in a larger increase jhthan addingi  Now, note that ifA C B, then a random walk that reaches set
to B. The following useful fact about submodular functions4 automatically reaches sBtas well; conversely, if the walk

(Ujau = Uju) Pr(7j(A)) = (Ujpu — Uju) Pr(7;(B)) (11)

appears in [9]. has not reached sét, then it has not reached either. This
Lemma 3:Let fi,...,f, : 2¥ — R be submodular implies thatU;s, > U;p. and Pr(r;(A)) > Pr(r;(B)).

functions, and let:1, . . ., a, be nonnegative constants. ThenHence (8) holds, thus proving Theorem 2. ]

f(S) =3, aifi(S) is a submodular function. R(S) = Y ,cv\s B(S,u) is therefore a sum of super-

A function f is supermodularif the function —f is modular functions, and s&(S) is supermodular as well by
submodular. Lemma 3.



B. Optimization algorithm This establishes (a). (b) follows from rearranging terms in

Since R(S) is supermodular, (7) defines submodular Proposition 4.3 of [9], and the fact thét — 1)* converges
maximization problemAlthough the submodular maximiza- {0 1/¢ @s k increases. (c) follows from the fact that, if
tion problem is known to be NP-hard [10], there exist?(S7) = R(S;U{j}) for all j, then the effective resistance
polynomial-time algorithms that find a se¥* such that cannot be decreased by adding any elemetut 5. Hence
R(S*) is within a factor of(1 — 1/e) of the optimum value, i must be the optimum. u
denotedR*.

The algorithm for solving (7) is as follows. L&t denote
the set of leader nodes at tixh iteration of the algorithm. ~ When the system is required to operate below a given error
S is initialized to (). At the i-th iteration of the algorithm, boundc, the problem of choosing a minimal set of leaders
the element? € V is found such thaf R(S; ,)— R(S;_,u that achieves this bound can be stated as
{st})}is _maximize_d.S;‘ is then u_pdated tdS; | U {si}). minimize S|
The algorithm terminates when eithB(S;) = R(S;U{j}) st Yuevis R(S,u) = R(S) < a (15)
for all j, or wheni = k (i.e., when the number of leaders
is equal tok), whichever is reached first. A pseudocodéNote that, for anyx > 0, there exists at least orfe meeting
description of the algorithm is given in the figure below. the conditionR(S) < a, namely the sef = V..

The supermodularity oR(S) enables efficient solution of

C. Case Il — Choosing nodes to achieve an error bound

CHOOSEFL_LEADER_.NODES (15) as well. The algorithm is as follows. The set of leaders
Input: G = (V, E), covariancesR(i, j) is initialized to S = 0. As with the algorithm in Figure 1,
Maximum number of leader nodés the nodes; that maximizes{R(S;_ ;) — R(S;_; U{sf})} is
Output: Set of leader nodeS* added at the-th iteration. The difference is that, instead of
Initialization: S* < @, i < 0 1 terminating aftet iterations, the algorithm will not terminate
while ¢ < k 2 until R(S*) < «. A detailed description of the algorithm can
s < argmax;cy\s {R(S*) — R(S*U{j})} 3 be found in Figure 2.
if {R(S*)—R(S*U{s})} <0 4
return S*; exit 5 CHOOSELEADER_NODESERRORLIMIT
else 6 Input: G = (V, E), covariancesR(i, j)
S*+ S*U{s!} 7 Error at terminationy
i—i+1 8 Output: Set of leader nodeS*
end 9 Initialization: S* < 0, error <+ a+1 1
end 10 while error > «a 2
return S*; exit 11 s* «— argmax;cy\s {R(S*) — R(S*U{s*})} 3
Fig. 1. Algorithm for solving (7). if (R(S*) — R(S*. U{s™}) <0 4
return S*; exit 5
The following theorem analyzes the computation time ang €IS 6
performance of this algorithm, making use of the fact that 5%« §5*U{s"} 7
(7) is a submodular maximization problem. error < R(S*) 8
Theorem 3:Define R,,,,, to be end 9
. _ end 10
Ripaz = max > R(i,u) (12) | return S*; exit 11
wev Fig. 2. Algorithm for solving (15).
and let R* be the optimal value of (7). Then the following
are true for the algorithm in Figure 1: The following theorem gives bounds on the optimality of
(@) The algorithm terminates in polynomial timeknand the setS* returned by the above algorithm.
n. Theorem 4:Let k* be the optimum value of (15). The
(b) S* satisfies algorithm described above terminates in polynomial time in
E— 1\ " 1 n. If the algorithm terminates after stép so that|/S*| = k,
R(S*)<[1- (—) R*+ ~Rpae (13) then
( g ) ‘ i <1 +10g{ Fmas } (16)
~ <1 - 1) R+ L R (14) " RlSi)
€ € holds, whereR,,.. is as defined in Theorem 3.
(c) If |S*| < k, then R(S*) = R*, in other wordsS* is Proof: Optimality follows from supermodularity oR
the optimal solution to (7). and Theorem 1 of [11]. In the worst case, the algorithm will

Proof: The algorithm in Figure 1 require®(kn) not terminate untilS = V, i.e. aftern iterations. This will
computations of the effective resistance, which, as noteequireO(n?) computations of effective resistance, each of
in Section 1I-B, can be performed in polynomial time.which is polynomial inn. [ ]



IV. PROBLEM FORMULATION — TIME-VARYING semidefinite diagonal matri®. This implies that

NETWORK Tr((Ly — A <Tr(L;Y) + Tr(AT'QA™Y) (21
—A)H < - - -

In this section, leader selection in multi-agent systentk wi r((Ly ) ) =T f )+ T ) (1)
time-varying topologies is considered, including netvgrk < Tr(L;1)+ QL (22)
with random link failures, networks that switch betweenta se Arnin
of predefined topologies, and networks where the topologys qesired. -

varies arbitrarily in time. This upper bound can then be used as a worst-case value

A. Case | — Random link failures for R(S) in the presence of link failures. Sind®(S) repre-

sents the variance of system error, using an upper bound as

The rapdom l".“_( failure model captures th.e fact that, whilg,, objective function leads to a conservative network aesig
the relative positions of nodes may remain the same, ”Eroblem (17) can be solved by modifying the algorithm in

wireless links between them may become unavailable due It—?gure 1 so that, at Line JE(R(S)) — E(R(SU{j}))} is
noise or interference. The random link failure model as|IMe - imized inste’ad O{R(S)' “R(SU{N

uniform independentink failures, so that at a given time

each link (i, j) € E is available with probabilityp. In this g cagse |1 - Switching between predefined topologies
case, the resulting optimization problem is

Suppose that the system switches between topologies

minimize E(R(S)) a7) G-, G, Two leader selection criteria can then be consid-
S.t. IS| <k ered: the average erréry_; R(S|G;), and the worst-case er-
This is also a submodular optimization problem, as showiP max; R(S|G;). Since the average error is a weighted sum
by the following lemma. of supermodular functions, it is supermodular by Lemma 3,
Lemma 4:E(R(S)) is a supermodular function d. and so algorithms analogous to those in Figure 1 and 2 can
Proof: Let G denote the set of possible networkPe used. _ _
topologies. Then For the worst-case error, the functienax; R(S|G;) is
not supermoduldr Still, it can be shown that the following
E(R(S)) = Z Pr(G)R(S|G) (18) problem can be reformulated as a submodular optimization
Geg problem.
By Theorem 2,R(S|G) is a supermodu_lar function 0$ minimize 19 23)
Sm_ce Pr(G) > 0 for all G, E(R(S)? is a nonnegative sit. R(SIG) <a, i=1,....r
weighted sum of supermodular functions, and so is super-
modular by Lemma 3. B Define the functionF;(S) £ max { R(S|G;), a}.

As aresult, (17) can be solved using a polynomial number | emma 6: F;(S) is supermodular.

of computations oE(R(S)). ComputingE(R(S)), however, The proof can be found in the appendix.
requires evaluation of the sum in (18), which has a number | emma 7: Let F(S) = LS. Fi(S). ThenF is a super-

of terms exponential in the number of links, requiring Montgy,oqular function ofs. Furthermore F(S) < « if and only
Carlo approximation in the general case. When the numbﬁrR(S|Gi) < o for all i.

of link failures is small, so thap ~ 1, a gradient-based Proof: The supermodularity of follows from Lemmas

bound can also be used. . 3 and 6. SinceF;(S) > a for all i, F(S) < « if and only if
Lemma 5:Recall thatR(5) is equal toT'r(L;"), where  p.(g) — o for all i. This in turn is equivalent t&?(S|G;) <
Ly is defined in Theorem 1. LeL; = Ly — A be the  for all ;. m

corresponding matrix for topologg#, which is obtained by  problem (23) can then be reformulated as
removing links fromG. Note that, since links are bidirec-

tional, A is symmetric. Then, whefiA||; < 6, minimize  |S] (24)
5 s.t. FS)<a

_— 19

)‘min(Lf)Q ( )

where ;. (Ly) is the smallest eigenvalue @f;.
Proof: Letting A represent the deviation frond s
caused by link failuresR(S) becomes

Tr((Ly —A)™Y) =~ TT(LJT
<Tr(L;
<Tr(LyY) +sup Tr(UAT'UTAUAT'UT)

A

N\ 7—1 —1
R(S|G) =Tr(Ly") <Tr(Ly") + Figure 2 can be modified to solve this problem by maximiz-

ing over{F(S) — F(SU{j})} in Line 3.

C. Case Ill — Arbitrarily varying topology

. . . In this section, networks that experience random changes
)+ Tr(Ly ALY (20)in topology over time are considered. In such networks,
Y4+ Tr(UATUTAUAUT) it may be difficult to choose an appropriate set of leader
nodes in the absence of any information about future network
) topologies. Instead, it is assumed that the set of leadezsnod

— T i iti
WhereLf =UAU" is the elgen-decomposmon Cﬁf' The 2Algorithms for minimizing such functions have been progbfk2]. Due
upper bound occurs wheA = UQUT for some positive to space constraints, they are not discussed here.



is periodically computed, leading to amline submodular ADAPTIVE LEADER SELECTION

optimization problenf10] of the form Input: Current weightsw; 1, ..., Wy
o Gy = (V, E;), covariancedk;(i, j)
minimize > R(S:|GY) (25) | Parametep € (0, 1]
S.t. 1S <k, t=1,....T Maximum number of leader nodés
whereG, is the topology for the-th time interval. Current set of leader node#
The method for choosing a set of leader nodgdor the | Output: Updated weightsv,y11,. .., Wei1k
t-th time interval is as follows. Consider the algorithm of Set of leader nodeS;,
Figure 1. Since3, is unknown and random, the nogighat | Initialization: Sy, ; < 0 1
maximizes{ R(S;,) — R(S;,U{j})} at thei-th iteration of | fori=1,....k 2
the algorithm is also random. Let fS?,’Zt «— argmax; {R(S7 ;1) — R(S{,-1 U{j})} i
orj=1,....n
mi(1) = Pr(arg max {R(S¢;) — R(S¢,; U {j})} = 1) (26) lj . B(SL)-R(SL UG 5
! brtad R(S:,i—l)_R(St*,i—lU{Sto,pit})
Then for time interval, instead of selecting; ; deterministi- wii1i(4) < (wei(j)) Bl 6
cally as in Line 3 of Figure 1s; ; is selected probabilistically end 7
with distribution ;. Toati ¢ Werni /1T Wip 8
In general, the exact values af,; will not be known Chooses;, , ; randomly with distributionr;,; 9
during leader selection. To address this, an online legrni T S U st 10
technique is used to estimatg based on observations fromT end 11

the preV'c_)USt — 1 time 'nte_rvals'. Un.der this appro?'Ch' aFig. 3. One iteration of leader selection algorithm for sy time-varying
set of weightsw,y, ..., wy is maintained, wherev,; is a topology.

vector in R™ with wy;(j) representing the weight assigned
to choosing nodg as thei-th leader during interval Define
opt A . . ) Proof: R(S|Gh1),...,R(S|Gr) is a sequence of su-
St T argmax {R(S/i-11Gr) — R(S;; - U{5}IG)} permodular functions bounded above BY,... Then, by
(27) Lemma 4 of [10],
In other words, the best possible choice gf;, for the

. ), . T T
topology G;. Then define theloss I, ; ; associated with (1— 1/e)ZR((S§‘|Gt) B (%wf,i {ZR(S|Gt)}>
t=1 - t=1

choosings; ; = j to be
_ R(S71Gy) — R(St U{j}G) (28) < O(\/RmazkTlogn) (31)

At the end of thel-th time interval, the value ofv; ;(j) is n
updated to

[I>

liig

V. EXPERIMENTAL EVALUATION

(7)) — Rlt,i (i
wertil(f) = B0t we() (29) In this section, experimental evaluation of the leader

wheres € (0,1] is a system parameter that can be tuned teelection procedure is provided.
adjust the performance of the learning algorithm. Eq. (29'& _
penalizes nodg for suboptimal performance during interval A EXperimental setup
t. By increasing the value of, nodes experiencing higher A network of 100 agents was simulated using Matlab.
lossed; ; ; will be much less likely to be selected during theAgents were assumed to be deployed uniformly over a
(t + 1)-th time interval.w,; ; is then normalized to obtain region of1000x1000m. Each agent's neighbor set consisted
the estimated distribution;, ;. This process is described of all agents within300 meters. It was assumed that link
in detail in Figure 3. noise had covariance proportional to the distance between

In analyzing this approach, the total erdt, R(S;|G;) the nodes comprising the link. The proposed submodular
can be compared to the error achievable whef abpolo- optimization approach was compared to two other leader
gies are known in advance. The following theorem gives &election algorithms. In the first algorithm, leaders were
bound on the difference between these two. chosen at random from the set of nodes. In the second, the

Theorem 5:Suppose that the algorithm described in Fignodes with highest degree were selected as leaders.
ure 3 is executed fol’ rounds, and let7q,...,Gr be the

topologies during those intervals. L&, be defined as in ) R ) )
Theorem 3. Define the errdr to be Evaluation of minimizing error subject to a constraint on

T T the number of nodes is shown in Figure 4a. The proposed
A submodular optimization approach outperforms both other
K2 (1-1/e) ; R(S|Gy) — (rgag,g {;Rwlct)} P PP P

B. Simulation Results

heuristics. Furthermore, selecting high-degree nodesaas |
(30) ers results in higher error then both other schemes. This
Then K < O(v/RuazkT logn). is consistent with the fact, observed in previous work [6],
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Fig. 4. Comparison of leader selection schemes. (a) Theeotar covarianceR(S) resulting from selection of a fixed number of leader nodesn®&dular
optimization represents an improvement over random ancedédgased heuristics. (b) The number of nodes required tevach given network performance
under the algorithm in Figure 2. As expected, for networkihwiigh performance requiremept the submodular approach requires fewer leader nodes.

that multi-agent systems may be uncontrollable when highlyefined topologies, and networks with arbitrary time-vagyi

connected nodes are chosen as leaders. topologies, were derived using our framework. For each,case
Figure 4b evaluates the algorithm for minimizing thebounds on the performance of the resulting leader selection

number of nodes required to achieve a given error boundere given.

The values on the horizontal axis are equabte (max — The response of the system to link noise is one criterion for

@)/ Qmaz, Wherea ranges from 2 tav,,., = 10, so that the selecting leader nodes, but other criteria, such as cdabibl

required error bound decreases @sncreases. The figure ity, can be used. Our future work will develop a framework

shows that, for high values ¢f, corresponding to stringent for choosing leader nodes based on their controllability as

conditions on tolerated error, the submodular optimizatiowell as response to noise.
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APPENDIX

In this appendix, proofs of Lemmas 1 and 2 from Section

II, as well as Lemma 6 from Section IV, are given.
Proof: (Proof of Lemma 1) et v denote the vector

of node voltages, and lef denote the vector wherg; is

the net current exiting from node Further, let matrixl. =

By Kirchoff's Current Law, the net current exiting node
v must be zero for any outside the boundary. By Ohm’s
Law, this is equivalent to

Y. Ct)(¢sult) = dsu(v)) =0 (36)
teN (v)
Rearranging terms yields
(bSu(v) = Z P(’th)(bSu(t) (37)
teN (v)

AW AT, where A is the incidence matrix of the graph andin other words,ég., is also harmonic inP. Hence the two

W is defined as in Theorem 1. Assume, without loss ofunctions must be equivalent.

generality, that the first —|.S| entries ofv andJ correspond
to the followers, while the lagtS| entries are the leaders.
can be decomposed into sub-matrices

-t

where Ly, has dimensiorin — |S]) x (n — |S|). Note that
Ly, is equal to the matrixd.; defined in Theorem 1.
Kirchoff’'s Laws, together with Ohm’'s Law, imply that

Ly
Loy

Ly

Loo (32)

[ |
Proof: (Proof of Lemma 2)he effective resistance is
defined to be the inverse of the total current exiting nade

By Kirchoff’s Law, this is equal to
-1
R(S,u)=| > Cu,v)(1 - ¢su(v)) (38)
vEN (u)
At the same time, the probability that a random walk
starting atu reachesS before returning tou is equal to

Lv = J. Let J; andv; denote the follower node currentsl — >_,c () @su(v)P(u,v), where P(u,v) is defined in

and voltages, respectively. Then the decompositioh ahd
the fact thatv; is assumed to be zero for glle S implies
that J; = Lyvy. This in turn implies thaty; = L;'J;.
Multiplying both sides of this equation on the left lyf
yields el vy = el L' Js. Sincev, = 1, this implies that

(LiYurdi+ -+ (L7 Dumoisp Inojs) =1 (33)

Now, by Kirchoff’s current law, the net current flowing out

of each nodei € V \ S, wherei # u, must be zero.
Hence (33) reduces I((L;I)ouu = 1, implying thatJ ! =
(L7 )uu- SinceR(S,u) = J,* andR(S, u) = (L} )uu, this
establishes the lemma.

In order to prove Lemma 2, the following intermediate

result is needed.

Lemma 8:Define ¢g,(v) to be the voltage of node
when a unit voltage is applied to nodeand a voltage of
0 is applied to the nodes it§, as above. Lets,(v) be
the probability that a random walk originating atreaches
u before reaching any node in the sgt Then ¢s.,(v) =
bsu(v).

Proof: (Proof of Lemma 8).et C(u,v) be defined as
in the problem statement, and let

C(u,v)

= 1" 3
P(u,v) e CCn D) (34)
By definition,
(55“(1)) = Z P(th)(55u(t) (35)
teN (v)

Eq. (35) implies that) is harmonicin P. If it can be shown
that ¢ is also harmonic inP, then the Uniqueness Principle

Eq. (34). By Proposition 2.3 of [8],
2 Z(s,t)eE C(Sv t)
(Sv u) ZvéN(u) C(uv ’U)

1-— Z dsu(v)Pu,v) = -

vEN (u)

(39)

Rearranging terms yields

2 C(s,t
K(S,u) = Zienee O (40)
EveN(u) C(u,v)(1 = dsu(v)

=2| Y C(s,t) | R(S,u) (41)

(s,t)EE
as desired. ]

Proof: (Proof of Lemma 6).et f be a supermodular
function satisfyingf(A) > f(B) for any A C B (we call
this themonotonicity property It is enough to show that for
any a, F(S) £ max{f(S),a} is supermodular. The proof
uses of the fact that a functidi is supermodular if and only
it ([9])

F(A)+ F(B) < F(ANnB)+ F(AUB) (42)

as well as the fact thaf(AU B) < (f(A4), f(B)) < f(AN
B). There are four cases.

Case lL:a < f(AU B): In this case, (42) follows from the
supermodularity off.

Case 2:f(A) < a, f(B) > a: Under this case, (42) is
equivalent tof(B) < f(A N B), which follows from the
monotonicity property. The case whergA) > « and
f(B) < ais similar.

Case 3:f(A) <a, f(B) <a, f(ANB) >a: For this
case, (42) is equivalent tb(A N B) > «, which is true by
assumption.

Case 4:f(AN B) < «a: Eq. (42) is trivially satisfied in this

[8] implies that¢ = ¢, since they agree on the boundaryC

points S andu.

ase. |



