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Particle self-diffusion has a significant effect on mixing and thus on performance of rotating
cylinder systems such as rotary kilns and drum mixers. We study experimentally the radial mixing
of monodisperse beads of different colors in a quasi-two-dimensional cylinder rotated in the
continuous flow regime. In this regime a shallow surface layer of particles flows steadily while the
rest of the material rotates as a solid body. The initial distribution of tracer particles is taken to be
radially symmetric and cylinder is taken to be half full. Both facilitate estimation of the particle
self-diffusivity since the evolving concentration distribution during mixing in this case is radial for
most part and the mixing in these conditions is shown to be dominated by diffusion of particles. A
qualitative study of the mixing is carried out using digital photography. Radial number fraction
profiles of the tracer particles are obtained by bulk sampling. Since mixing occurs only in the
flowing layer, mixing is considered in terms of “passes” defined as the number of times the material
in the bed entirely flows through the layer. Experimental results indicate that the mixing per pass
decreases with increasing rotational speed, increases with increasing particle size, and is nearly
independent of cylinder size. The mixed state captured by digital photography and the measured
radial concentration profiles are well described by a convective diffusion model, using diffusivity as
a fitting parameter. The diffusivity obtained from the model follows the scaling proposed by Savage
[“Disorder, diffusion, and structure formation in granular flow,”Disorder and Granular Media,
edited by A. Hansen and D. Bideau(Elsevier, Amsterdam, 1993), pp. 255–285] and a simple
expression for the diffusivity is obtained in terms of the particle diameter and the static and dynamic
angles of repose. ©2005 American Institute of Physics. [DOI: 10.1063/1.1825331]

I. INTRODUCTION

Mixing of particles in rotating cylinders is important in a
number of industrial systems such as rotary kilns and drum
mixers.1,2 The systems comprise a horizontal or slightly tilted
cylinder partially filled with granular material. The cylinder
rotates about its axis to generate granular flows in different
regimes depending on the rotational speed. At low rotational
speeds the material slips on the cylinder surface or flows as a
series of discrete avalanches, while at higher rotational
speeds the “rolling regime,” characterized by a steady, con-
tinuous flow is obtained.3 Most practical systems operate in
the rolling regime, in which the flow is confined to a shallow
flowing layer of particles at the free surface while the re-
maining particles rotate as a fixed bed. Due to the simplicity
of the flow, the rotating cylinder is also a useful prototype
system to study the fundamental aspects of flow, mixing and
segregation of granular materials.4

The large difference in relative mixing rates permits the
consideration of the slow axial mixing and the relatively fast
cross-sectional mixing, separately. Several previous studies
have shown the axial mixing to be primarily due to particle
diffusion.5,6 Cross-sectional mixing, in contrast, is due to
both convective mixing and diffusion. The relative contribu-
tions of the two depend on the fraction of the cylinder filled

with solids and the rate of convective mixing increases with
deceasing fill fractions below 0.5.7 The rate of mixing by
convection is lowest when the cylinder is half full of par-
ticles (0.5 fill fraction). In many practical situations, for ex-
ample, in rotary kilns, a very small axial mixing rate is re-
quired (to ensure equal residence times in the kiln) together
with near complete cross-sectional mixing(to minimize tem-
perature and composition inhomogeneities).8 A quantitative
estimate of particle self-diffusion in rotating cylinders is thus
important from a practical viewpoint and is the focus of the
present study. Since the flow is confined to a surface layer,
convective and diffusive mixing occur only in the layer and
there is no mixing in the rotating fixed bed. Futhermore, the
diffusivity of particles is not an intrinsic property of the ma-
terial but is determined by the flow, analogous to turbulent
diffusivity. We thus determine the self-diffusivity under dif-
ferent conditions. The approach used here is based on tracer
mixing experiments in the cross-section of the cylinder, us-
ing a quasi-two-dimensional batch system.

Estimates of the particle diffusivity in sheared granular
flows were obtained by Savage9 and Savage and Dai10 from
numerical simulations of shear flow of nearly elastic hard
spheres. A scaling of the form

D = Fsndd2ġ s1d

was obtained, whered is the particle diameter,ġ is the shear
rate, andFsnd is a function of the solid volume fractionsnd.a)Electronic mail: khakhar@iitb.ac.in
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Campbell11 in more detailed simulations for a similar system
showed that the diffusion is anisotropic and calculated the
different components of the diffusivity tensor. All the com-
ponents were found to be of similar magnitude. In this work
we focus only on the component of the diffusivity normal to
the streamlines(i.e., theDyy component for the coordinate
system defined in Fig. 1). This is the diffusivity reported in
Ref. 9. Particle diffusivity in the rotating cylinder system has
been directly estimated in only a few studies. Khakharet al.7

found order of magnitude agreement with the Savage9 scal-
ing based on an analysis of tracer mixing experiments in a
rotating cylinder by means of a continuum model. The model
also made good predictions of the qualitative features of the
mixed patterns observed. Recently Hillet al.12 presented
measurements of particle self-diffusivity in the surface flow
in a rotating cylinder based on particle tracking measure-
ments. The diffusivity was related to the mean velocity.
Hsiau and Hunt,13,14 Hsiau and Shieh,15,16 and Hsiau and
Yang17 considered side-by-side flowing streams of particles
of different colors in a vertical channel to obtain the diffu-
sivity transverse to the flow. Choiet al.18 have considered a
similar system using particle tracking, and found the motion
to be “superdiffusive” under some conditions. Other systems
in which the diffusivity has been studied include chute
flow,19 vibrated layers,20,21 and Couette flow.22,23

The rotating cylinder geometry is convenient for the ex-
perimental determination of diffusivity by means of tracer
experiments. The flow in this case is well characterized: the
velocity profile is nearly linear24–27and shear rate is constant
along the layer, at least at low rotational speeds.28,29 The
volume fraction of particles in also constant.25 Thus based on
Savage’s9 scaling the diffusivity should be constant in the
flowing layer. Analysis of tracer mixing experiments using a
convective diffusion model can then be used to estimate the
diffusivity. Another advantage of the rotating cylinder system
is that the tracer concentration profile in the rotating bed is a
10–20 fold magnification of the profile in the flowing layer
as explained below. The layer thickness is typically
0.05R–0.15R, where R is the cylinder radius, and all the
material flowing through the layer also flows through the
fixed bed(see streamline pattern, Fig. 1). The layer profile is
mapped after magnification into the bed, and thus tracer con-
centration measurements can be made in the bed with much
greater accuracy than in the layer.

The objective of the present study is to obtain the self-

diffusivity of different size particles under varying operating
conditions using tracer mixing experiments. The initial dis-
tribution of tracer used in the experiment is radially symmet-
ric and the fractional filling is 0.5, so that the mixed patterns
are radially symmetric in significant portions. The mixing is
then for most part “radial” and results from diffusion normal
to the streamlines of the flow. This simplifies analysis, as
discussed in more detail in Sec. II. The paper is organized as
follows. The continuum model for flow and mixing is dis-
cussed in Sec. II. Experimental details are given in Sec. III.
Experimental results for varying system parameters are dis-
cussed in Sec. IV. Comparison of model predictions to ex-
perimental results are given in Sec. V and the conclusions
are given in Sec. VI.

II. THEORY

We consider a model for the description of mixing of
tracer particles in a rotating cylinder taking a continuum ap-
proach. A schematic view of the system is shown in Fig. 1.
The model is developed here for half full mixers since ex-
periments focus on this case, however, it may be generalized
to arbitrary filling. Mixing is assumed to be confined to the
surface flowing layer and the rest of the particles rotate as a
fixed bed. The diffusivity of particles is assumed to be con-
stant in the layer, and diffusion in the direction of flow is
neglected. The model is very similar to that of Khakharet
al.7 and thus we present it in brief here.

The convective diffusion equation for mixing in the
layer is

]f

]t
+ vx

]f

]x
+ vy

]f

]y
= D

]2f

]y2 , s2d

whereas in the bed, solid body rotation yields

]f

]t
+ v

]f

]u
= 0. s3d

In the above equationsf is the number fraction of the tracer
particles,svx,vyd is the velocity field in the layer,D is diffu-
sivity, and v is the angular velocity of the cylinder. The
coordinate system used is shown in Fig. 1. In Eq.(2), it is
assumed that diffusion in the flow direction(x direction) is
negligible relative to convection in that direction. Although
the magnitude of the self-diffusivity in the flow direction
sDxxd is larger than that perpendicular to the flow direction
sDyyd,

11 diffusion in the flow direction has little effect on
mixing since transport in this direction is dominated by con-
vection. In Eq.(3) the velocity field in the rotating fixed bed
is taken to besvr ,vud=s0,vrd.

We use the flow model of Khakharet al.28 in which the
velocity field in the layer is

vx = ġsd + yd, s4d

vy = vxsy/dd, s5d

whered is the layer thickness, given by

FIG. 1. Schematic view of the system showing the flowing surface layer and
the rotating fixed bed. Streamlines of the flow are also shown.
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d = d0F1 −S x

R
D2G1/2

, s6d

and the midlayer thicknesssd0d is related to the shear rate by

d0 = Sv

ġ
D1/2

R. s7d

The model is valid for low rotational speeds when the layer
profile is symmetric and the shear rate is nearly constant and
given by

ġ = Fg sinsbm − bsd
cdcosbs

G1/2

, s8d

whereg is acceleration due to gravity,c<1.5 is an empirical
constant,bm is the dynamic angle of repose, andbs is the
static angle of repose. Substituting for the shear rate expres-
sion in Eq.(7) we get

d0 = scsFr/Ad1/4R, s9d

wheres=d/R is the size ratio,Fr =v2R/g is the Froude num-
ber, andA=sinsbm−bsd /cosbs. The shear rate and the layer
thickness can thus be estimated if measurements ofbm and
bs are available. We note that the flow model presented is an
approximation of the actual physical system in which the
boundary between the bed and the layer is diffuse. Although
the velocity profile is linear for most part, it decays exponen-
tially with depth in the bed near the boundary.25,26,30 The
region of exponential decay is relatively small and is ne-
glected in the model.

The streamlines obtained by integrating the velocity field
are shown in Fig. 1. The streamlines in the fixed bed region
are arcs of circles as might be expected from the flow field.
In the case of half full mixers, the streamlines are nearly
semicircles and the residence time of all particles in the bed
is nearly the same and approximately equal to the time for
half a revolution. The residence time in the layer is small
compared to that in the bed. Thus, in half a revolution, all
particles pass through the layer just once and experience
roughly the same extent of mixing. Consequently, we ana-
lyze mixing in terms of the number of “passes” rather than
time of mixing. For arbitrary times of mixing and 50% fill-
ing, the bed would contain some particles that have passed
through the layern times and others which have passed
through sn+1d times resulting in a concentration profile in
the bed that is dependent on the azimuthal angle(u, Fig. 1).

Since the focus of the present work is on determining the
diffusivity, the initial condition is chosen so that the effects
of diffusivity on mixing are maximized and the contribution
of convection is minimized. Thus the initial distribution of
the tracer particles is taken with the boundary of the tracer
volume tangent to the streamlines nearly everywhere, so that
the gradient of the tracer concentration is normal to the
streamlinessv ·= f =0d. For the present case this corresponds
to a semicircular shape with the center of the semicircle at
the axis of the cylinder(Fig. 2). The tracer boundary is then
tangent everywhere to the streamlines except in the layer.
Since the streamlines are independent ofu, the mixed state
after a given number of passes is also independent ofu,

omitting the discrepancy caused by the particles in the layer.
For particles initially in the bed, mixing is purely radial and
it is possible to characterize the mixing by the radial concen-
tration profile fsrd.

We consider a simple model for the diffusivity based on
the scaling proposed by Savage,9 [Eq. (1)]. Sinceġ andn are
constant in the flowing layer,D is also a constant. Substitut-
ing for the expression for the shear rate using Eq.(7) we
obtain

D = C1vR2d2/d0
2. s10d

The validity of the model presented above is considered by
comparison to experiments.

We simulate mixing in the cylinder using Lagrangian
simulations. This involves tracking the motion of a large
number of tracer particles, of two different colors, starting
with the particles arrayed in the specified initial state. Each
particle trajectory is calculated independent of the others, by
integrating the velocity field. Diffusion in the layer is simu-
lated by giving the particles Gaussian random steps in they
direction with a mean square displacement of 2DDt, where
Dt is the time step. Each trajectory for a given mixing time
comprises a sequence of flow steps in the bed and the layer.
When the particle is in the layerhyP f0,−dsxdgj, the trajec-
tory is calculated by integrating the following equations us-
ing the Euler method:

dx

dt
= ġsd + yd, s11d

dy

dt
= vxS y

d
D + GsDDtd, s12d

whereGsDDtd is the Gaussian random step. If in a particular
time step the particle moves from the layer into the bed, the
time and the position at which the particle is at the bed-layer
interface fy=−dsxdg is determined using the Newton–
Raphson method. The particle is then assumed to be in the
bed and is mapped to its new position by a solid body rota-
tion. If sufficient mixing time remains, the particle is mapped
to the symmetric position on the bed-layer interface where it
reenters the layer. Otherwise, it is mapped within the bed,
rotated by an angle determined by the time remaining, and
the trajectory ends. The typical time step used in numerical
integration isDt=s2p /vd310−4 s−1 and the relative error in

FIG. 2. (a) Initial distribution of tracer particles,(b) steel template used for
generating the initial distribution of tracer particles, and(c) mixed state prior
to sampling with the face plate replaced by the sampling plate with 23 holes
at different locations.
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the Newton–Raphson minimization is set to 10−6. A suffi-
ciently large number of particles(about 16 000) are taken to
calculate reasonable average number fraction profiles. The
mixed state and the radial number fraction profiles are com-
puted for one, two, and three passes. More details of the
computational procedure are given in Khakharet al.7

III. EXPERIMENTS

Mixing experiments were performed in a quasi-two-
dimensional cylinder of diameter 32 cm and length 1 cm.
The cylinder end plates were made of transparent acrylic and
the cylinder was made from an acrylic spacer sheet with a
circular disk cut out. The plates and spacer were clamped
together by bolts. The assembly could be easily removed
from the rotary drive and the face plate could also be re-
moved for arranging the tracer particles initially as well as
for sampling. A computer controlled stepper motor with a
sufficiently small step was used to rotate the cylinder.
Spherical glass beads of mean sizes 1, 2, and 3 mm were
used.

The glass beads were dyed with different colors(red and
green) as described below. Drops of permanent ink(Camlin)
were added into a desired volume of acetone and then the
beads were poured into the solution and stirred. The solution
was then kept undisturbed for about 4 h so that beads were
uniformly coated with ink and then beads were spread on a
tray and rubbed mildly with soft cloth to remove the excess
quantity of the colored solution. The process resulted in a
thin uniform coating of the dye on the bead surface which
yielded beads of a uniform color intensity and free of sticki-
ness.

The initial arrangement of the red and green particles
was done using thin, stainless steel templates(Fig. 2) of
height equal to the length of the cylinders1 cmd. The cylin-
der with its face plate removed was placed on an inclined
surface. The template was placed at the center of the cylinder
and filled with red glass beads. The rest of the half cylinder
was filled with green glass beads of same size. The compo-
nents were preweighed to ensure that the cylinder was 50%
filled and the red particles completely filled the template. The
face plate of cylinder was fitted and the assembly was made
vertical to settle the particles. The assembly was again placed
on the inclined surface and the face plate removed. The tem-
plate was carefully removed and the face plate fitted back to
obtain the initial condition as shown in Fig. 2. As discussed
in the preceding section, with such an initial condition, the
concentration profile of tracer after mixing is expected to be
radial for most part.

The dynamics of mixing at various speeds of rotation(2,
3, 6, and 12 rpm), and for different particle sizes were stud-
ied for different numbers of passes. The mixed state after
each pass was characterized by the radial concentration pro-
file measured in the region where the concentration was in-
dependent of the azimuthal angle(u, Fig. 1). To measure the
concentration profile, the cylinder rotation was stopped after
completing the desired number of passes. The cylinder was
then removed from the drive, placed on the inclined surface
and the face plate was replaced by a sampling plate with

twenty-three 11 mm holes at 13 different radial positions
(Fig. 2). The holes were sufficiently far apart and the se-
quence of the sampling was such that sampling from one
hole did not disturb the particles under neighboring sampling
holes. To ensure that sampling was done only in the fixed
bed region where the concentration profile was radial, no
sampling points were included in a strip near the free surface
and in the triangular wedge formed by the final avalanche
when the cylinder rotation was stopped[Fig. 2(c)]. A closely
fitting, knife-edged steel tube(ID 10 mm and thickness
0.25 mm) was inserted in turn in each sampling hole until it
touched the bottom plate and only particles inside the tube
were collected by means of a vacuum probe. This ensured
that the volume of material sampled was precisely controlled
and relatively smalls,0.8 cm3d.

The number of red and green beads in the sample were
then counted to obtain the number fraction of the red glass
beadssfd. The beads were placed on a white paper as back-
ground and were spatially separated for ease of automatic
counting. A thin layer of sticky adhesive was applied on the
paper before placing the beads to prevent the beads from
rolling. The sample was photographed at different exposures
(Nikon Coolpix 990) and the images were analyzed(Image
Pro Plus). Normal exposure images were analyzed to ob-
tained the total number of beads whereas overexposed pho-
tographs, which emphasized the red beads, were used to au-
tomatically count the number of red beads. Each experiment
was repeated at least three times. As a result of multiple
sampling at a given radius for each experiment and repetition
of experiments, each data point reported is an average of at
least six measurements and the standard deviation is shown
in each case.

Photographs were taken at low shutter speeds when the
cylinder was rotating at specifed speeds to determine the
layer thicknessd0 and also to measure the dynamic angle of
reposebm (for details see Ref. 31). The dynamic angle of
repose is the angle of the free surface near the cylinder axis
when the cylinder is rotating. The static angle reposebs, the
angle of the free surface of the static bed when rotating cyl-
inder is suddenly stopped, was also measured from digital
photography of the static system.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

The mixing of tracer particles for an increasing number
of passes for a typical case is shown in Fig. 3. The corre-
sponding simulated results are shown alongside and will be
discussed in the following section. The experimental images
shown were taken during cylinder rotation. The mixed state
after one pass shows the red(dark) particles in a semicircular
region along with a streak nearly parallel to the free surface.
The streak is formed by the red(dark) particles initially in
the flowing layer, but not within the streamline correspond-
ing to the semicircular interface. The boundary between the
red (dark) and the green(light) particles in the layer is sharp
(Fig. 3) and corresponds to this streamline. With increasing
numbers of passes the semicircular shape becomes more dif-
fuse maintaining its radial symmetry. The streak also be-
comes more diffuse.
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The number fraction variation with radial distance for
the mixing experiments described above is shown in Fig. 4
for different numbers of passes. The concentration measure-
ments are made in the region where the concentration distri-
bution is radially symmetric. Each curve shown is an average
of three experiments and the error bars show the standard
deviation. Starting with a step concentration profile, the pro-
file becomes flatter with each pass due to diffusive mixing.
The profiles do not resemble those for classical Fickian dif-
fusion in a slab, although the diffusion is Fickian in the layer,
as shown below by means of comparison of model predic-
tions to experimental profiles. This is because the bed pro-
files are a nonlinear mapping of the profiles in the flowing
layer.

The mixed states for one pass of 2 mm beads at different
cylinder rotation speeds are shown in Fig. 5. The images
show that the radial dispersion of particles decreases with
increasing speed of rotation. The free surface is nearly flat at
low rotational speeds and becomes increasingly curved with
increase in rotational speed. This is reflected in the curvature
of the radial streak which is nearly straight at low speeds but
becomes increasingly curved at high rotational speeds. The
measured number fraction profiles for one pass and at differ-
ent rotational speeds are shown in Fig. 6. Although the pro-
files do not vary greatly with rotational speed, the profile for
12 rpm is significantly steeper than the profile for 2 rpm and
the other profiles have intermediate slopes. Thus mixing per
pass decreases with increasing rotational speed, which is in
concurrence with the qualitative conclusion drawn from the
images of the mixed state(Fig. 5).

The above results for varying rotational speed appear to
be contrary to the expectation that the mixing rate, in gen-
eral, should increase with rotational speed. However, the rate
of mixing depends on both the mixing per pass and the num-
ber of passes per unit time. Hence the rate of mixing may
increase with rotational speed even though the mixing per
pass decreases.

We consider next, by means of simple arguments, why

FIG. 3. Left column: Experimentally observed mixed states for 2 mm red
(dark) and green(light) beads rotated at 2 rpm for different numbers of
passes as indicated. Right column: Simulation results using the diffusivity
and layer thickness given in Table I.

FIG. 4. Variation of the number fraction of red glass beadssfd with scaled
radial distancesr /Rd for 2 mm glass beads for different number of passes as
indicated in the legend. The cylinder was rotated at 2 rpm.

FIG. 5. Left column: Experimentally observed mixed states for 2 mm red
(dark) and green(light) beads rotated at various speed of rotations as indi-
cated. Right column: Simulation results using the diffusivity and layer thick-
ness given in Table I.
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the mixing per pass reduces with rotational speed. As dis-
cussed earlier, the mixing in the system is dominated by
diffusion since the boundary of the tracer volume coincides
with a streamline. The typical length scale for diffusive mix-
ing is

h , sDtd1/2, s13d

wheret is the mean residence time of particles in the layer.
Khakhar and Ottino8 found t,2p /Îvġ based on the veloc-
ity profile given in Eq.(4). Using the Eq.(10) for D and Eq.
(7) for ġ we obtain

h , dS R

d0
D1/2

. s14d

Calculations ofh based on the above equation are given in
Table I for the different cases studied using the measured
values of the layer thicknessd0, also given in Table I. There
is a decrease inh, indicating a reduction in mixing, with
rotational speed(Experiments No. 3–6, Table I). Equation
(13) indicates thath is proportional to the square root of both
diffusivity D and the mean residence timet. The diffusivity
increases with rotational speed(Table I); however, the mean
residence time decreases faster(Table I), resulting in a de-

crease in the mixing length. The physical model thus ex-
plains the somewhat unexpected experimental results for
varying rotational speed given in Figs. 4 and 5. The number
of passes per unit time is proportional to the rotational speed.
Consequently, the overall rate of mixing is proportional to
hv, which is found to increase with rotational speed(Table
I), as expected.

Figure 7 shows the mixed state after one pass for three
different particle sizes. The images show that the mixing per
pass increases with particle size. The measured radial con-
centration profiles also show this trend(Fig. 8). Again the
differences between the profiles are not large, and the data

FIG. 6. Variation of number fraction of red glass beadssfd with scaled radial
distancesr /Rd after one pass for 2 mm glass beads for different speeds of
rotation as indicated in the legend.

TABLE I. Measured layer thicknessd0, staticbs, and dynamicbm angles of repose and the fitted self-diffusivityD for different particle diametersd and

cylinder rotational speedsv. The calculated layer residence timet, diffusional lengthh, and scaled diffusivityD̄ [Eq. (16)] are also given.

No.
d

(mm)
v

(rpm) d0/R
t

(s)
h

(mm)
hv

(mm/min)
bm

(deg)
bs

(deg)
D

smm2/sd D̄

1 1 2 0.09 2.8 3.3 6.7 34.2±0.1 25.9±0.1 1.61 0.039

2 1 6 0.14 1.4 2.7 16.0 45±0.1 2.25 0.033

3 2 2 0.11 3.4 6 12.1 30.5±0.2 24.1±0.1 4.29 0.043

4 2 3 0.12 2.5 5.8 17.3 34.4±0.1 5.63 0.043

5 2 6 0.16 1.6 5 30.0 40.2±0.1 6.43 0.038

6 2 12 0.2 1.0 4.4 52.3 56.3±0.1 7.39 0.027

7 3 2 0.12 3.7 8.7 17.3 35.9±0.1 29.3±0.1 8.04 0.041

8 3 6 0.17 1.7 7.3 43.7 45±0.1 12.86 0.040

FIG. 7. Left column: Experimentally observed mixed states for red(dark)
and green(light) beads rotated at 2 rpm for various sizes of glass beads as
indicated. Right column: Simulation results using the diffusivity and layer
thickness given in Table I.
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for the 3 mm particles have some scatter, however, there is a
clear trend in terms of the steepness of the curves. Measure-
ments show a slow increase of the layer thicknessd0 with
particle size(Table I, Experiment Nos. 1, 3, and 7). The
diffusive length scale, however, is proportional to particle
diameter[Eq. (14)] and increases with particle size(Table I,
Experiment Nos. 1, 3, and 7) even thoughd0 increases. Thus
mixing is faster for the large particles.

The diffusion of an annular strip after one pass is shown
in Fig. 9. In this case there is simultaneous inward and out-
ward radial diffusion of the tracer particles and a concentra-
tion peak is obtained in the profiles(Fig. 10). Experiments
carried out for smaller diameter cylinders show that the mix-
ing rate is nearly independent of cylinder diameter. The pro-
files for one pass are shown in Fig. 11. Only a subset of all
the experimental results obtained are presented above so as
to highlight the important physical phenomena and trends
observed. However, all the results are used in the next sec-
tion for determination of diffusivity.

V. COMPARISON TO MODEL PREDICTIONS

The diffusivity is the only unknown parameter in the
model described in Sec. II and is varied to obtain a fit of the
model to experimental results. Starting with an initial condi-
tion identical to the experimental one, the time of rotation
and diffusivity are varied to get a qualitative match with the
experimental mixed state. The diffusivity value is then finely
adjusteds±10%d to obtain a match between the predicted
and experimentally measured profiles. This procedure is car-
ried out for each data set and each experiment yields a value
of the diffusivity. For a particular set of system parameters
profiles were obtained typically for three passes. The same
fitted value of diffusivity gave good predictions of the con-
centration profiles for each pass.

Figure 3 shows the comparison between predictions and
experiment of the mixed state for increasing numbers of
passes. There is good qualitative agreement between the
structures formed and the extent of dispersion. The differ-
ences between the two are primarily because a smaller num-
ber of particles are used in the simulation than the experi-
ments. The comparison between theoretical and experimental
radial concentration profiles given in Fig. 12 shows a good
match between the two. The fluctuations in the predicted
profiles are due to the relatively smaller number of particles

FIG. 8. Variation of number fraction of red glass beadssfd with scaled radial
distancesr /Rd after one pass for different sizes of beads as indicated in the
legend. The cylinder is rotated at 2 rpm.

FIG. 9. Left column: Initial distribution of tracer particles and experimen-
tally observed mixed states for 2 mm red(dark) and green(light) beads
rotated at 2 rpm for one pass as indicated. Right column: Simulation results
using the diffusivity and layer thickness given in Table I.

FIG. 10. Variation of the number fraction of red beadssfd with scaled radial
distancesr /Rd for 2 mm glass beads after one pass at 2 rpm for the annular
strip initial condition. Symbols are experimental measurements and the line
is the model prediction.

FIG. 11. Variation of the number fraction of red beadssfd with scaled radial
distancesr /Rd for 2 mm glass beads after one pass at 2 rpm for different
cylinders radii as indicated in the legend.
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used in the simulation as compared to experiments as well as
due to the reduction in number of particles used in calculat-
ing the concentration for the smaller radial distances.

Figure 5 shows similar qualitative agreement between
theory and experiment. In this case the higher rotational
speeds result in a significantly curved interface which is not
taken into account in the theory but this does not appear to
significantly affect the patterns. This conclusion is true even
for the predicted radial concentration profiles(Fig. 13) which
match the experimental profiles. The results indicate that cur-
vature of the surface does not have a significant effect on
mixing. This is analogous to boundary layer flows in which
the curvature of the layer is unimportant because the layer is
thin compared to its length. The effect of varying particle
size is well described by the model both in qualitative(Fig.
7) and quantitative terms(Fig. 14).

The mixing in the case with an annular strip as the initial
configuration is also described by the model reasonably well
(Figs. 9 and 10). The predictions of the model deviate from
the experimental results at smaller radii. The results indicate
that the predicted inward diffusion flux(i.e., toward the inner
streamlines) is higher than the experimental flux. This devia-
tion between predictions and experimental measurements is a
consequence of the gradual decrease of the velocity with
depth in the bed rather than a sharp change at the boundary
as assumed in the model. Thus the shear rate also decays
slowly with depth resulting in lower values of the diffusivity

in regions of the layer corresponding to the inner stream-
lines. This results in the experimentally measured concentra-
tions being lower than the predicted values at small radial
distances(Fig. 10).

The fitted values of the self-diffusivity are given in
Tables I and II for all the experimental cases considered. The
magnitudes of the diffusivity values obtained are reasonable
and compare well with those reported by Hillet al.12

s,10 mm2/sd. All the diffusivity data obtained are compared
in Fig. 15 to the prediction of Eq.(10). The measured layer
thicknesses used in the scaling are also given in Table I. The
scaling works remarkably well for all the data generated with
the constant in Eq.(10) given by C1=0.065. The data span
four particle sizes(d=1, 1.5, 2, and 3 mm), four rotational
speeds(v=2, 3, 6, and 12 rpm), three cylinder radii(R=8,
12, and 16 cm), and three passes in each case.

The scaling, as considered above, requires the measure-
ment of the layer thickness, which is not straightforward.
However, the model expression[Eq. (9)] can be used to es-
timate the layer thicknessd0. Figure 16 shows a comparison
of the measured and experimental layer thicknesses. There is
reasonable agreement between the two as shown
previously.31 The static and dynamic angles of repose used in
the calculation ofd0 are given in Tables I and II. The scaled
diffusivity [Eq. (10)] using the model equation for the layer
thickness[Eq. (9)] is

FIG. 12. Comparison of experimental and theoretical number fraction pro-
files for 2 mm glass beads rotated at 2 rpm for different number of passes as
indicated in the legend. Parameters used in the simulation are given in
Table I.

FIG. 13. Comparison of experimental and theoretical number fraction pro-
file for 2 mm glass beads rotated at different rotational speeds for one pass
as indicated in the legend. Parameters used in the simulation are given in
Table I.
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D

vR2 = C2SAs3

Fr
D1/2

, s15d

where the constantc is incorporated into the prefactorC2.
Figure 17 shows a comparison of the scaled measured diffu-
sivity sD /vR2d with the predicted diffusivity using the cal-
culated value of the layer thickness[Eq. (15)]. Again there is
good agreement withC2=0.041. The results indicate that the
diffusivity may be calculated from Eq.(15), for a wide range
of system parameters.

Expanding Eq.(15) into dimensional form we obtain

D = C2d
3/2g1/2Ssinsbm − bsd

cosbs
D1/2

s16d

<C2d
3/2g1/2sbm − bsd1/2. s17d

We thus see that the diffusivity in a rotating cylinder system
depends primarily on the particle diameter and the static and
dynamic angles of repose. The diffusivity does not depend
directly on rotational speed of the cylinder. However, in-
crease in the rotational speed results in increase inbm and
thus the diffusivity increases with rotational speed. The dif-
fusivity is independent of cylinder size. The above correla-
tion for the diffusivity [Eq. (17)] is thus local and should be
valid for surface flows, in general. The diffusivity scaled on
the basis of Eq.(16) is

D̄ = D/fdsgdAd1/2g = C2, s18d

and calculated values for each run are given in Tables I and
II. The values are close to the fitted value(0.041).

VI. CONCLUSIONS

We presented a detailed experimental study of mixing of
tracers in the cross section of a quasi-two-dimensional rotat-
ing cylinder. A 50% cylinder filling and an initial distribution
of tracer with the boundary of the tracer volume largely tan-

FIG. 14. Comparison of experimental and theoretical number fraction pro-
files after one pass and rotational speed 2 rpm for glass beads of different
sizes as indicated in the legend. Parameters used in the simulation are given
in Table I.

TABLE II. Fitted values of diffusivity D for different cylinder radiiR, particle diametersd, and cylinder

rotational speedsv. The calculated scaled diffusivityD̄ [Eq. (16)] is also given.

No.
R

(mm)
d

(mm)
v

(rpm) d0/R
bm

(deg)
bs

(deg)
D

smm2/sd D̄

9 120 2 2 0.12 29.5±0.1 25.1±0.1 3.62 0.044

10 120 2 2.3 0.14 29.6±0.1 3.47 0.041

11 120 1.5 2.3 0.11 33.9±0.1 2.78 0.036

12 80 2 2 0.15 26.1±0.1 24.1±0.1 2.41 0.044

13 80 2 2.8 0.16 27.5±0.1 2.90 0.040

14 80 1 2.8 0.12 30.3±0.1 1.14 0.033

FIG. 15. Symbols show a comparison of the scaled diffusivitysD /vR2d
obtained from experiments to the predictions of Eq.(10). The numbers in
the legend indicate the data sets given in Tables I and II. The line is a least
squares fit to the data.
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gent to the streamlines are used so that mixing is dominated
by diffusion rather than convection. The mixed state after
different numbers of passes is analyzed by means of photo-
graphs and spatial sampling to obtain the radial concentra-
tion profiles. Experiments are carried out for different rota-
tional speeds, particle sizes, and cylinder sizes. The mixing
of an annular tracer strip is also presented.

The results indicate that the mixing per pass decreases
with increasing rotational speed, increases with increasing
particle size and is nearly independent of cylinder size. Some
of these results are counter intuitive but are explained quite
well in terms of a diffusional length scale obtained by means
of physical arguments. The experimental results are analyzed
using a continuum approach. The convective diffusion equa-
tion with the flow model of Khakharet al.28 is used. The
particle diffusivity is the only unknown parameter of the
model and is treated as a fitting parameter. The model gives
good qualitative predictions of the mixed state and very good
predictions of the radial concentration profiles. The fitted
values of the diffusivity are well described by the Savage9

scaling sD,d2ġd with the shear rate is obtained from the
model of Khakharet al.28 The experiments indicate that the
expression D=0.041d3/2 fg sinsbm−bsd /cosbsg1/2 gives
good predictions of the particle self-diffusivity over a wide
range of system parameters.

The results presented show that a relatively simple con-
tinuum model gives a very good description of mixing in a
rotating cylinder at least at a macroscopic scale. We note that
the flow model becomes increasingly inaccurate with in-
crease in rotational speed due to curvature of the surface and
a nonsymmetric layer profile.28 However, this does not ap-
pear to have a significant effect on mixing because the layer
is thin relative to its length. The model should be useful for
other surface flows, such as heap flows, given that the same
flow model is valid for these systems.28,32

The behavior of the diffusivity is more complex at a
particle scale compared to that at the macroscopic scale con-
sidered in this work. Measurements from individual particle
trajectories indicate that the diffusivity varies with depth near
the bed-layer interface where the velocity decays exponen-
tially to zero. Since this behavior is confined to relatively
small regions at the bed-layer interface it does not appear to
have a significant effect on mixing. The continuum models
for flow and convective diffusion together with the correla-
tion for the diffusivity give a robust description of transverse
mixing in a rotating cylinder.
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