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This paper presents a theory of imaging objects behind layers of scattering media. The transmitter
is a focused array or an aperture emitting a short pulse. The scattered pulse is received by a focused
array or aperture. The received signal consists of two components: the pulse scattered from a
random medium and from the target, and these two components can be distinguished by the use of
ultra wide band (UWB) pulse. The second moment of the received signal includes the fourth order
moments of stochastic Green’s functions which are reduced to the second moments by the use of
the circular complex Gaussian assumption, and of the generalized two-frequency mutual coherence
function. This imaging theory is a generalization of optical coherence tomography (OCT), SAR and
confocal imaging. It clarifies the relationships among resolution, coherence length, shower curtain
effects, and backscattering enhancement.

1 Introduction

Detection of an object behind obscuring layers is one of the important prob-
lems today as it is applicable to numerous practical problems such as detection
of a hidden object, mine detection, and imaging through scattering biologi-
cal medium [1]. It has been noted that short pulse which penetrates through
obscuring layers may be scattered by the layer and the object and the re-
ceived signal scattered from the object and from the layer can be separated
in time and therefore the detection of the object hidden behind the scatter-
ing layer may be possible. However, this requires the study of the interaction
of a short pulse with random medium. Theoretically, this requires the study
of pulse wave scattering and propagation in random medium, and the devel-
opment of generalized two-frequency mutual coherence function [2]. In this
paper, we investigate this detection and imaging problem and clarify several
effects including resolutions, coherence length, shower curtain effects, and the
backscattering enhancement. We make use of a focused aperture or an array of
antennas, which emits a short pulse and receives it with focusing. This analysis
is a generalization of OCT (Optical coherence tomography) [3], [4], [5], SAR
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Figure 1. Array of transmitters and receivers to detect and image the target behind obscuring
layers.

and confocal imaging [6], [7].

2 Formulation of the problem

Let us consider the detection and imaging of object shown in Fig. 1. A square
array or aperture of transmitters and receivers are located at z = 0. The pulse
wave is emitted by transmitters located at p̄ focused at r̄f (L, 0) . The scattered
wave is received at q̄ and the phase is added to focus at r̄f . The waves are
transmitted by all p̄ transmitters and the received waves at all q̄ receivers are
summed. The temporal output wave ψ from a point scatterer is therefore given
by

ψ(t) =
1

2π

∫

∑

p

∑

q

g1(ω)g2(ω)F (ω) exp (−iωt) dω (1)

where g1 and g2 are the forward and backward stochastic Green’s function
at ω. F (ω) is the transmitter spectrum. For a modulated Gaussian pulse, we
have

f(t) = exp

(

− t2

T 2
o

− iωot

)

F (ω) =

∫

f(t) exp (iωt) dt =
√
πTo exp

(

−(ω − ωo)
2

∆ω2

) (2)
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Figure 2. Target with cross section σt is located at (zt, ρ̄t) . The medium with backscattering
coefficient σb is located at (zm, ρ̄m) and the scattering from d1 < zm < d2 are summed.

where ∆ω = 2/To = bandwidth. The correlation function of the output is then
given by

Γ(t, t′) =
1

(2π)2

∫∫

dω dω′ exp(−iωt+ iωt′)Γ(ω, ω′)F (ω)F ∗(ω′) (3)

The two-frequency mutual coherence function Γ(ω, ω′) consists of the com-
ponent Γt from the target and Γm from the medium. (Figure 2)

Γ = σtΓt + Γm

Γm =

∫ d2

d1

dzm

∫

dρ̄mσbΓ
(

ρ̄m, zm, ω, ω
′
)

(4)

where σt is the backscattering crosssection of the target and σb is the backscat-
tering coefficient of the medium. We will first examine Γt . The two-frequency
mutual coherence function (MCF) is given by

Γt(ω, ω
′) =

∑

p

∑

q

∑

p′

∑

q′

I (5)

where I =
〈

g1g2g
′
1
∗g′2

∗〉, g1 = G1(p̄, r̄o, ω)u(p̄, r̄f , ω), G is the stochastic
Green’s function and u is the focusing function. g2 = G2(q̄, r̄o, ω)u(q̄, r̄f , ω),
g′1 = G1(p̄

′, r̄o, ω
′)u(p̄′, r̄f , ω

′), g′2 = G2(q̄
′, r̄o, ω

′)u(q̄′, r̄f , ω
′). r̄o and r̄f are the

target location and the focus point respectively. Note that g1 and g2 are for-
ward and backward waves respectively at ω and g′1 and g′2 are forward and
backward waves at ω′. We also note that the focusing function is the conjugate
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of the free space Greens function Go.

u(p̄, r̄f , ω) = G∗
o(p̄, r̄f , ω)

u(q̄, r̄f , ω) = G∗
o(q̄, r̄f , ω)

u(p̄′, r̄f , ω
′) = G∗

o(p̄
′, r̄f , ω

′)

u(q̄′, r̄f , ω
′) = G∗

o(q̄
′, r̄f , ω

′)

(6)

We can rewrite (3) for Γt using the center and difference time and frequency
and obtain

Γ(t, t′) =
1

(2π)2

∫∫

dωc dωd Γt(ωc, ωd)F (ω)F
∗(ω′) exp(−iωdtc + iωctd) (7)

where ωd = ω−ω′, ωc = (ω + ω′) /2, td = t− t′, tc = (t+ t′) /2 . Furthermore,
if Γt(ωc, ωd) is a slowly varying function of ωc , we can integrate (7) with
respect to ωc , and at t = t′(td = 0), we get the pulse intensity

Γt(tc) =
1

π

1

∆ω

√

π

2

∫

dωd exp(−iωdt)Γt(ωd) exp

(

− ω2
d

2∆ω2

)

(8)

where Γt(ωd) is given in (5).
Let us now consider the two-frequency MCF.

Γt(ω, ω
′) =

∑

p

∑

q

∑

p′

∑

q′

I(ωd)

I(ωd) =
〈

g1g2g
′
1
∗
g′2

∗〉
(9)

In order to express this fourth order moment in terms of the second order
moment, we use the circular complex Gaussian assumption [8]

〈u1u2u∗3u∗4〉 = 〈u1u∗3〉 〈u2u∗4〉 + 〈u1u∗4〉 〈u2u∗3〉 − 〈u1〉 〈u2〉 〈u∗3〉 〈u∗4〉
= 〈u1〉 〈u∗3〉 〈u2〉 〈u∗4〉 + 〈u1〉 〈u∗3〉 〈v2v∗4〉 + 〈u2〉 〈u∗4〉 〈v1v∗3〉
+ 〈v1v∗3〉 〈v2v∗4〉 + 〈u1〉 〈u∗4〉 〈v2v∗3〉 + 〈u1〉 〈u∗3〉 〈v1v∗4〉 + 〈v1v∗4〉 〈v2v∗3〉

(10)
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where u = 〈u〉 + v. Making use of this, we write

I (ωd) = 〈g1〉 〈g2〉
〈

g′1
∗〉 〈

g′2
∗〉

+ 〈g1〉
〈

g′1
∗〉 〈

g2fg
′
2f

∗〉

+ 〈g2〉
〈

g′2
∗〉 〈

g1fg
′
1f

∗〉
+
〈

g1fg
′
1f

∗〉 〈
g2fg

′
2f

∗〉

+ 〈g1〉
〈

g′2
∗〉 〈

g2fg
′
1f

∗〉
+ 〈g2〉

〈

g′1
∗〉 〈

g1fg
′
2f

∗〉

+
〈

g1fg
′
2f

∗〉 〈
g2fg

′
1f

∗〉

(11)

where g1 = 〈g1〉+g1f . Equation (8) with (9) and (11) gives the analytical form
of the backscattered pulse from the target.

3 Coherent field and two-frequency MCF

It is now necessary to calculate the coherent field 〈g1(ω)〉 and the two-
frequency MCF

〈

g1(ω)g
′
1
∗
(ω)
〉

= 〈g1〉
〈

g′1
∗〉

+
〈

g1fg
′
1f

∗〉
(12)

and similarly for all g1, g2 , g′1 , and g′2. We make use of the parabolic approx-
imation [1], [2] and write

〈g1〉 = 〈G1(p̄, r̄o, ω)〉u(p̄, r̄f , ω) (13)

where 〈G1〉 = Go exp
(

−
∫

α dz
)

, Go is the free space Green’s function Go =
1

4πz exp
(

ikz + i k
2z |p̄− ρ̄|

)

, α = 2π2k2
∫∞
0 Φn(κ, z) κ dκ = τo

2 . The focusing
function is given by (Fig. 3)

u =
1

4πL
exp

(

−ikL− i
kp2

2L

)

. (14)

From (13), (14), we write 〈g1〉 = 〈G1〉u = Ip(ω) exp
(

−
∫

α dz
)

,

Ip(ω) =
1

(4πz)

1

(4πL)
exp

[

ik1(z − L) +
ik1
2z
ρ2 +

ik1p
2

2

(

1

z
− 1

L

)

− i
k1
z
p̄ · ρ̄

]

(15)
where z = zt and ρ̄ = ρt for target scattering. Rewriting (11) as I =

∑7
i=1 Ii ,

we get I1 = Ip(ω)Iq(ω)Ip′(ω′)Iq′(ω′) exp [−2τo]. Let us next consider I2.

I2 = 〈g1〉
〈

g′1
∗〉 〈

g2fg
′
2f

∗〉
(16)
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Figure 3. Coherent field 〈g1〉 and the focusing function u = G∗
o.

Here, we need to find the two-frequency MCF 〈g2fg′2f
∗〉. From [2] for Gaus-

sian phase function p(s)

p(s) = 4αp exp
(

−αps
2
)

(17)

where s = 2 sin(θ/2), θ is the scattering angle, we have

〈g1〉 = Ip(k1) exp(−τo/2),
〈

g′1
∗〉

= Ip′(k2) exp(−τo/2),
〈

g2fg
′
2f

∗〉
= Iq(k1)Iq(k2)Fs exp

[

−Ef −D
∣

∣q̄ − q̄′
∣

∣

2
]

,

Fs = 1 − exp

[
∫

dz b Bp

]

, Ef =

∫

dz (1 − b) Bp,

D =

∫

dz b Bp
k2

4 (αp −Ap)

(zm − z)

zm
,

Ap =
iz (zm − z)

2zm
kd, Bp =

(

1 − Ap

αp

)−1

,

(18)

where b is the scattering coefficient, and zm = zt, and ρ̄ = ρ̄t for the target
scattering. We use the same technique to calculate Ii for all i = 3 to 7.

4 Approximate analytical final expression

Now we go back to (9). Here, we need to calculate four summations. We can
make use of Poison’s sum formula and the following approximations to obtain
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analytical expressions for summation [8]. For square array, we use

∑

p

=
∑

px

∑

py

=

(

(2N + 1)

2a

)2 ∫∫ 4

π
exp

(

−x2 + y2

a2

)

f(x, y) dx dy. (19)

We also use the following integral to obtain the analytical expression.

I (A,B,C, α, β) =

∫∫

dx dy exp
(

−Ax2 −By2 + Cxy + αx+ βy
)

=
π

√

AB − C2/4
exp

[

α2B + β2A+ αβC

4(AB − C2/4)

] (20)

We use similar procedure to calculate all Ii, i = 1, . . . , 7 . We get

∑

p

∑

p′

∑

q

∑

q′

〈

g1g2g
′
1
∗
g′2

∗〉
=
∑∑∑∑

〈g1〉 〈g2〉
〈

g′1
∗〉 〈

g′2
∗〉

+ 〈g1〉
〈

g′1
∗〉 〈

g2fg
′
2f

∗〉
+ 〈g2〉

〈

g′2
∗〉 〈

g1fg
′
1f

∗〉
+
〈

g1fg
′
1f

∗〉 〈
g2fg

′
2f

∗〉

+ 〈g1〉
〈

g′2
∗〉 〈

g2fg
′
1f

∗〉
+ 〈g2〉

〈

g′1
∗〉 〈

g1fg
′
2f

∗〉
+
〈

g1fg
′
2f

∗〉 〈
g2fg

′
1f

∗〉

, I2o + IoIf + IoIf + I2f + (IoIf )b + (IoIf )b +
(

I2f
)

b

= I2o + 4IoIf + 2I2f

(21)

where ()b denotes backscattering enhancement (cross term) and represents
the correlation between the forward and backward waves, giving rise to the
backscattering enhancement. We now obtain the final expression for the re-
ceived pulse , which consists of two components: medium and target, which
are given by

Γ = Γtarget + Γmedium (22)

Note that Γtarget is the component of the received pulse for the
transmitter-medium-target-medium-receiver and includes correla-
tion between the forward (transmitter-medium-target) and the
backward (target-medium-receiver). Γmedium is the component for
the transmitter-medium-reciever. The scattered intensity from the tar-
get located at (zm, ρ̄m) is given by

Γtarget (zm, ρ̄m, t) = C

∫

Γo (zm, ρ̄m, ωd) exp (−2τam) exp (Φ) dωd (23)
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where zm is the distance in the propagation direction, ρ̄m = ρmxx̂ + ρmyŷ is

the vector transverse to the propagation direction, τam =
∫ d1+d2

d1
ab dz = ab(d2)

where ab is the absorption coefficient, C is a constant, and

Φ = i
ωd

2czm
2
(

ρ2mx + ρ2my

)

+ i
ωd

c
2 (zm − L) − ω2

d

2 (∆ω)2
− iωdt (24)

Here, L is the total distance to the focal point, c is the wave velocity in the
medium, ∆ω is the bandwidth of the signal, and

Γt(zm, ρm, ωd) = σT
(

I2o + 4IoIf + 2I2f
)

. (25)

The term Io represents coherent component while the term If represents in-
coherent component. They are given by

Io (A,B,C, α, β) = ΘxΘy exp (−τsm)
1

z4m
(26)

where

Θx =
π

√

AB − C2/4
exp

[

α2xB + β2xA+ αxβxC

4 (AB − C2/4)

]

,

Θy =
π

√

AB − C2/4
exp

[

α2yB + β2yA+ αyβyC

4 (AB − C2/4)

]

,

τsm =

∫ d1+d2

d1

b dz, a is the aperture size,

A =
1

a2
− i

k1
2

(

1

zm
− 1

L

)

, B =
1

a2
+ i

k2
2

(

1

zm
− 1

L

)

, C = 0,

αx = −ik1ρmx

zm
, βx = i

k2ρmx

zm
, αy = −ik1ρmy

zm
, βy = i

k2ρmy

zm
.

(27)

The incoherent intensity is given by

If (Af , Bf , Cf , αf , βf ) = FsΥxΥy exp (−Ef )
1

z4m
(28)
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where

Υx =
π

√

AfBf − C2
f/4

exp





α2fxBf + β2fxAf + αfxβfxCf

4
(

AfBf − C2
f/4
)



 ,

Υy =
π

√

AfBf − C2
f/4

exp





α2fyBf + β2fyAf + αfyβfyCf

4
(

AfBf − C2
f/4
)



 ,

Af =
1

a2
+
D

Fs
−M1, Bf =

1

a2
+
D

Fs
+M2, Cf = 2

D

Fs
,

Fs = 1 − exp

(

−
∫ d1+d2

d1

dz b Bp

)

,

M1 = i
k1

2

(

1

zm
− 1

L

)

, M2 = i
k2

2

(

1

zm
− 1

L

)

,

D(zm) =

∫ d1+d2

d1

dz b Bp
k2

4 (αp −Ap)

(zm − z)

zm

(29)

b is the scattering coefficient, αp is the parameter related to the asymmetry
factor g,

Ap =
iz (zm − z)

2zm
kd, Bp =

(

1 − Ap

αp

)−1

,

Ef =

∫ d1+d2

d1

dz b (1 −Bp),

αfx = −ik1ρmx

zm
, βfx = i

k2ρmx

zm
, αfy = −ik1ρmy

zm
, βfy = i

k2ρmy

zm

k1 = k + kd/2, k2 = k − kd/2.

5 Mutual coherence function from the scattering medium

The mutual coherence function from the scattering medium is given by the
above formula except that ρ̄m is now inside the medium and the scattered
intensity is obtained by integrating with respect to ρ̄m . The integral with
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respect to zm is performed numerically.

Γmedium(t) =

∫

dωd

∫ d1+d2

d1

dzm exp (Φm)Γm (30)

where

Φm = i
ωd

c
2 (zm − L) − 2ab (zm − d1) − ω2

d

2 (∆ω)2
− iωdt

and

Γm = σb
[

I2om + 4IomIof + 2I2of
]

where σb is the backscattering coefficient given below, using Henyey-Greenstien
phase function,

σb =
1 − g

(1 + g)2
b (31)

where g is the asymmetry factor. The I components are given by

I2om =







[

π
√

AB − C2/4

]2
[

π

−2Qo − φo

]1/2






2

exp (−2τsm)
1

z4m
(32)

where

Qo =
α2oB + β2oA+ αoβoC

4 [AB − C2/4]
,

αo = (−ik1/zm) , βo = (−ik2/zm) ,

τsm = b(zm − d1), φo = i
ωd

czm
.

4IomIof = 4







[

π
√

AB − C2/4

]





π
√

AfBf − C2
f/4





[

π

−Qo −Qf − φo

]1/2






2

Fs exp (−Ef − τsm)
1

z4m
, (33)
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Figure 4. Geometry in numerical examples.

2I2of = 2











π
√

AfBf − C2
f/4





2
[

π

−2Qf − φo

]1/2






2

[Fs exp (−Ef )]
2 1

z4m
,

(34)
where Ef and Fs is now given by Ef =

∫ zm

d1
dz b (1 −Bp), Fs = 1 −

exp
(

−
∫ zm

d1
dz b Bp

)

Qf =
α2oBf + β2oAf + αoβoCf

4
[

AfBf − C2
f/4
] (35)

The terms A, B, C, Af , Bf , Cf are given in (27) and (29).

6 Numerical examples

We now consider a numerical example. Fig. 4. We note several characteristics
of the imaging problem. We use as the reference the following parameters:
a = 5λ, ∆ω/ωo = 0.2, g = 0.85, Wo = 0.9, L = 50λ, d1 = d2 = 25λ,
σT = Aλ2, A = 1 where ∆z is the pulse spread, W is the lateral resolution,
and ∆zd is the delay due to multiple scattering.
Figure 5 shows that the lateral spread increases with optical depth (OD),

and the pulse delay. Figure 6 shows that for OD=1, the larger aperture gives



12

z
m

 (λ)

ρ 
(λ

)

Contour plot of MCF OD=1

46 48 50 52 54
−5

0

5

z
m

 (λ)

ρ 
(λ

)

Contour plot of MCF OD=10

46 48 50 52 54
−5

0

5

45 50 55
−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

z
m

 (λ)

MCF at ρ
x
=0

OD=1
OD=2
OD=5
OD=10

−5 0 5
0

0.2

0.4

0.6

0.8

1

ρ
x
 (λ)

MCF as a function of ρ
x

OD=1
OD=2
OD=5
OD=10

Figure 5. Imaging problem, pulse spread, delay, and lateral resolution.

smaller spot size as expected, but at OD =10, the aperture size does not
affect the spot size significantly. Figure 7 shows the shower curtain effect. At
OD=1, the location of the random medium ( d1 = 0 or d1 = 25λ ) does
not make difference, but at OD=10, there is a significant difference. Figure 8
shows the effects of bandwidth. If BW=0.01 (normalized ∆ω/ω ), it is difficult
to distinguish the target from the medium scattering, but if BW=0.1, it is
possible to detect the target behind the medium even if OD=10.

7 Conclusion

We have presented a theory of imaging of objects behind a random medium us-
ing a short pulse and focused array or aperture antennas. General formulations
are given and approximate analytical expression are obtained for the scatter-
ing component Γtarget for the transmitter-medium-target-medium-
receiver, and Γmedium for the transmitter-medium-receiver. Numerical
examples are shown to illustrate pulse spread, pulse delay, lateral resolutions,
the effects of aperture size, and the bandwidth. It is therefore possible to
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Figure 7. Shower curtain effects.
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Figure 8. Effect of bandwidth. Target is located at the normalized time = 0. For broad band
BW=0.1, the target can be detected even for Optical depth (OD) = 10.

distinguish the target scattering from the medium scattering.
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