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This paper presents a theory of imaging objects behind layers of scattering media. The transmitter
is a focused array or an aperture emitting a short pulse. The scattered pulse is received by a focused
array or aperture. The received signal consists of two components: the pulse scattered from a
random medium and from the target, and these two components can be distinguished by the use of
ultra wide band (UWB) pulse. The second moment of the received signal includes the fourth order
moments of stochastic Green’s functions which are reduced to the second moments by the use of
the circular complex Gaussian assumption, and of the generalized two-frequency mutual coherence
function. This imaging theory is a generalization of optical coherence tomography (OCT), SAR and
confocal imaging. It clarifies the relationships among resolution, coherence length, shower curtain
effects, and backscattering enhancement.

1 Introduction

Detection of an object behind obscuring layers is one of the important prob-
lems today as it is applicable to numerous practical problems such as detection
of a hidden object, mine detection, and imaging through scattering biologi-
cal medium [1]. It has been noted that short pulse which penetrates through
obscuring layers may be scattered by the layer and the object and the re-
ceived signal scattered from the object and from the layer can be separated
in time and therefore the detection of the object hidden behind the scatter-
ing layer may be possible. However, this requires the study of the interaction
of a short pulse with random medium. Theoretically, this requires the study
of pulse wave scattering and propagation in random medium, and the devel-
opment of generalized two-frequency mutual coherence function [2]. In this
paper, we investigate this detection and imaging problem and clarify several
effects including resolutions, coherence length, shower curtain effects, and the
backscattering enhancement. We make use of a focused aperture or an array of
antennas, which emits a short pulse and receives it with focusing. This analysis
is a generalization of OCT (Optical coherence tomography) [3], [4], [5], SAR
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Figure 1. Array of transmitters and receivers to detect and image the target behind obscuring
layers.

and confocal imaging [6], [7].

2 Formulation of the problem

Let us consider the detection and imaging of object shown in Fig. 1. A square
array or aperture of transmitters and receivers are located at z = 0. The pulse
wave is emitted by transmitters located at p focused at 7¢(L,0) . The scattered
wave is received at ¢ and the phase is added to focus at 7y. The waves are
transmitted by all p transmitters and the received waves at all § receivers are
summed. The temporal output wave v from a point scatterer is therefore given
by

0 = 5 [ 03 01)aa) @) exp (i) do (1)

where g1 and go are the forward and backward stochastic Green’s function
at w. F(w) is the transmitter spectrum. For a modulated Gaussian pulse, we
have
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F(w) = /f(t) exp (iwt) di = /7T, exp (‘%)
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Figure 2. Target with cross section oy is located at (z¢,pt) . The medium with backscattering
coefficient o}, is located at (zm, pm) and the scattering from di < zm < d2 are summed.

where Aw = 2/T, = bandwidth. The correlation function of the output is then
given by

1
(2m)?

(1) = / / dw d exp(—iwt + iwt )T (w, ) F(w) F* W) (3)

The two-frequency mutual coherence function I'(w,w’) consists of the com-
ponent I'; from the target and I'y, from the medium. (Figure 2)

I'=o004y+T1T,,

ds (4)
Ly = / dzm / dpmopl’ (ﬁm; Zm, W, W/)
dy

where o; is the backscattering crosssection of the target and oy, is the backscat-
tering coefficient of the medium. We will first examine I'; . The two-frequency
mutual coherence function (MCF) is given by

Iy(w,w) :ZZZZI (5)

where I = (g19201"95"), 1 = G1(P,7o,w)u(p,7f,w), G is the stochastic
Green’s function and u is the focusing function. go = Ga(q, 7o, w)u(q, 75, w),
g1 = G1(p, 7o, )u(p, 7, 0'), g = Ga(q, To, " )u(q , 7f,w'"). 7o and 7 are the
target location and the focus point respectively. Note that g; and go are for-
ward and backward waves respectively at w and ¢} and ¢} are forward and
backward waves at w’. We also note that the focusing function is the conjugate
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of the free space Greens function G,.

We can rewrite (3) for I'; using the center and difference time and frequency
and obtain

1

Lt = )

/ dwe dug To(we, wa) F(w) F* (o) exp(—iwgte + iweta) (7)

where wg =w—w', we = (W+ W) /2, tg=t—t, t. = (t + ') /2 . Furthermore,
if T4(we,wyq) is a slowly varying function of w. , we can integrate (7) with
respect to w. , and at t = t/(t; = 0), we get the pulse intensity

) ®

11 T ) w2
Ft(tc) = ;E\/;/dwd eXp(—det)Ft(wd) exp (— 2AZ}2

where I't(wq) is given in (5).
Let us now consider the two-frequency MCF.

Ii(w,w') = Z Z Z ZI(wd)

I(wa) = (919291 ¢5")

9)

In order to express this fourth order moment in terms of the second order
moment, we use the circular complex Gaussian assumption [8]

(wuguzug) = (uruz) (uguy) + (wruy) (uguz) — (ur) (uz) (uz) (uy)
= (u1) (u3) (ug) (uz) + (w1) {uz) (v2vy) + (ug) (u) (v103)

+ (v1v3) (v20) + (ur) (ug) (v203) + (u1) (u3) (v1vg) + (v1v1) (v203)
(10)



where v = (u) + v. Making use of this, we write

I(wa) = (g1) (g2) (91") (95") + (91) (d\") (927955 ")
(92) (95" ) g1pdi ™) + (arrgns”) (925955 ")
(91) (92") (92915 ) +(92) (91") (917925 ")
(g1r9h5") (92791 ¢")

(11)

+ o+ o+

where g1 = (g91) +g1¢. Equation (8) with (9) and (11) gives the analytical form
of the backscattered pulse from the target.

3 Coherent field and two-frequency MCF

It is now necessary to calculate the coherent field (g;(w)) and the two-
frequency MCF

(g1(w)gh " (w)) = (g1) (") + (917917 ") (12)

and similarly for all g1, g2 , ¢} , and g5. We make use of the parabolic approx-
imation [1], [2] and write

<gl> = <G1(ﬁ7 7707w)> u(ﬁ: ’Ff,(d) (13)
Where (Gy) = G exp( Ja dz), G, is the free space Green’s function G, =
= exp (zk:z +ik |p—pl), a = 202k [[° ®,(k, 2) k di = %. The focusing
function is given by (Fig. 3)
1 kp?
U= exXp (—sz—z%) (14)

From (13), (14), we write (g1) = (G1) u = Ip(w)exp (— [ a dz),

. iky 5  ikip? 1 K
I(w) = k(2 — L)+ 2L R L
P @) = Gy @) P [Z v N Gl o9 Bk

p¢ for target scattering. Rewriting (11) as [ = Zzzl I,
Vo (W) Iy (w') exp [—27,). Let us next consider Is.

where z = z; and p
I

we get [} = Ip(w) (_

Iy = (91) (91") (92r955") (16)
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Figure 3. Coherent field (g1) and the focusing function v = G3.

Here, we need to find the two-frequency MCF (g2}, f*). From [2] for Gaus-
sian phase function p(s)

p(s) = 4oy exp (—Oép82) (17)
where s = 2sin(6/2), € is the scattering angle, we have
(g1) =1, (kl) exp(—T7o/2),
(91") = Iy (k2) exp(~=70/2),

<92f9§f*> = I(k1) 1o (k) Fs exp [—Ef -D |q_ ‘j/ﬂ ’
Fszl—exp[/dszp], Ef:/dz(l—b) By, (18)
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where b is the scattering coefficient, and z,, = z;, and p = p; for the target
scattering. We use the same technique to calculate I; for all ¢ = 3 to 7.

4 Approximate analytical final expression

Now we go back to (9). Here, we need to calculate four summations. We can
make use of Poison’s sum formula and the following approximations to obtain



analytical expressions for summation [8]. For square array, we use

> =E% = (O5) [ fee (5 ) ren wa oo

We also use the following integral to obtain the analytical expression.

I (A B,C,a,p) = // dx dy exp (—Ax2 — By?* + Cay + ax + By)
T {oﬁB—Fﬁ%‘l—i—aﬁC’]

T VAB_cZja Y| 4AB -4

We use similar procedure to calculate all I;,i =1,...,7 . We get

> Z > Z (01920705 ) =3 D03 (a) (92) (917 (95™)

+(01) (91 7) (921905 ) + (92) (95") (onr01s ") + (a1791s") 927955 ")
+(g1) (95" ) g2r915 ") + {92) (91") {grpdas ™) + (917955 ) (92791 ") (21)
S+ LI+ LI+ 17 + (LIy), + (1), + (13),

= I +4l,I; + 213

(20)

where (), denotes backscattering enhancement (cross term) and represents
the correlation between the forward and backward waves, giving rise to the
backscattering enhancement. We now obtain the final expression for the re-
ceived pulse , which consists of two components: medium and target, which
are given by

I'= I‘taurget + Fmedium (22)

Note that ['target is the component of the received pulse for the
transmitter-medium-target-medium-receiver and includes correla-
tion between the forward (transmitter-medium-target) and the
backward (target-medium-receiver). I'pedium iS the component for
the transmitter-medium-reciever. The scattered intensity from the tar-
get located at (zp,, pm) is given by

Ptarget (zm7 Pm; t) =C / Ly (zm7 Pms wd) exp (_QTam) €xp ((I>) dwq (23>



where z,, is the distance in the propagation direction, p,, = pmae® + pmy¥ is

the vector transverse to the propagation direction, 74, = Cil+d2 apdz = ap(da)

where a4 is the absorption coefficient, C' is a constant, and

O =i—D 9 (g2, +p%,) +i-22 (2 — L) — Lt (24)
Dezy, T Emu) T m 2(Aw)®

Here, L is the total distance to the focal point, ¢ is the wave velocity in the
medium, Aw is the bandwidth of the signal, and

Tt (zm, pm,wa) = o (I7 + 4115 + 217) . (25)

The term I, represents coherent component while the term Iy represents in-
coherent component. They are given by

1
I, (A, B,C,a,3) = 0,0, exp (—Tsm) e (26)
where
m [aiB +02A+ amfw]
0, = exp 5 ,
VAB = C2%/4 4(AB - C?/4)
T 2B+ (2A+ a,3,C
0, = exp 3 ,
VAB = C?/4 4(AB - C?/4)
d1+ds
Tom = / bdz, a is the aperture size, (27)
d1
1 k1 1 1 1 ko (1 1
A = — — 7 — _ = B = — —_ _— = g
a? Z2<zm L)’ a2+z2<zm L)’ ¢=0
ax:—iL, ﬁx:zL, a, = —i 1P v 5yzzm'
Zm Zm Zm Zm
The incoherent intensity is given by
1
It (A, By, Cyr,ap, By) :FST:JCTyeXp(—Ef)z—4 (28)

m



where

v m o, By + B3, Ar + aaBraCy
x exp s
AgBy — C2/4 4(4sBy - C3/4)
r _ T Oéfcny + ﬁ?yAf + Oéfyﬁfny
y = exp ’
JAs;Bs — C3/4 1(AyBy - C3/4)
1 D 1 D D
Ag = M Bf=—+—+M =22
1=t E M =t E M Cr=2 (29)

b is the scattering coefficient, «ay, is the parameter related to the asymmetry
factor g,

12 (2Zm — 2 A\ 1
et ()

di+ds
Ef:/ dzb (1—B,),
dy

k k k k
Oy = i 1pmx’ /Bfm — 2pm:Jc7 agy = i 1pmy’ ny — 2Pmy
Zm Zm Zm Zm

ey =k +kq/2, ko =k—kq/2.

5 Mutual coherence function from the scattering medium

The mutual coherence function from the scattering medium is given by the
above formula except that p,, is now inside the medium and the scattered
intensity is obtained by integrating with respect to p,, . The integral with
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respect to zj, is performed numerically.

di+ds
Fmedium(t) = /dwd / dzp, exp ((I)m)rm (30)
dy
where
By =222 (20 — L) — 2ap (2 — di) YAt
m = 1=z Zm — — 40p \Zm — — — W
c ’ ! 2 (Aw)? a
and

Ty =0y (12, + 4lomIof + 2I§f]

where oy, is the backscattering coefficient given below, using Henyey-Greenstien
phase function,

oy = (11;99)25 (31)

where g is the asymmetry factor. The I components are given by

9 m ’ us 1/2 1
I = A 1 0 A -2 sm) 1 2
2 Ve |:_2QO — ¢J exp (—27sm) oy (32)
where
0, = %B+ FA+ aofC
°  4[AB-C?/4] 7
Qo = (7Zk1/zm) ; 50 = (*ikQ/Zm) y
Tsm = b(zm - dl), ¢0 = Zﬁ
CZm
T o - 1/2
4l omlor =4 [ ]
VAB — C2%/4 \/Afo—C’]%/él —Qo — Q5 — 9o

1
Fyexp(=Ef — Tsm) —» (33)
z

4
m
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Figure 4. Geometry in numerical examples.

2
9 ™ : [ s }1/2 o 1
2pp =2 [Fs exp (=Ep)]”
/ ,/Afo—CJ%/Zl _QQf_¢0 Zém
(34)
where Fy and Fy is now given by Ey = ;1’" dzb (1-B,), F, = 1 —
exp (— fdzlm dz b Bp>
aZBy + B2 As + o C
Qf — f f f (35)

a[a;B; - c3/4]

The terms A, B, C, Ay, By, Cy are given in (27) and (29).

6 Numerical examples

We now consider a numerical example. Fig. 4. We note several characteristics
of the imaging problem. We use as the reference the following parameters:
a = b\, Aw/w, = 0.2, g = 0.85, W, = 0.9, L = 50\, di = dy = 25),
or = AN?, A = 1 where Az is the pulse spread, W is the lateral resolution,
and Az, is the delay due to multiple scattering.

Figure 5 shows that the lateral spread increases with optical depth (OD),
and the pulse delay. Figure 6 shows that for OD=1, the larger aperture gives
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Figure 5. Imaging problem, pulse spread, delay, and lateral resolution.

smaller spot size as expected, but at OD =10, the aperture size does not
affect the spot size significantly. Figure 7 shows the shower curtain effect. At
OD=1, the location of the random medium ( dy = 0 or d; = 25X ) does
not make difference, but at OD=10, there is a significant difference. Figure 8
shows the effects of bandwidth. If BW=0.01 (normalized Aw/w ), it is difficult
to distinguish the target from the medium scattering, but if BW=0.1, it is
possible to detect the target behind the medium even if OD=10.

7 Conclusion

We have presented a theory of imaging of objects behind a random medium us-
ing a short pulse and focused array or aperture antennas. General formulations
are given and approximate analytical expression are obtained for the scatter-
ing component ['isrget for the transmitter-medium-target-medium-
receiver, and I'edjum for the transmitter-medium-receiver. Numerical
examples are shown to illustrate pulse spread, pulse delay, lateral resolutions,
the effects of aperture size, and the bandwidth. It is therefore possible to



p ()

-5

Contour plot of MCF OD=1 a=2A

| |
\ \
| |
‘\ \
| |
Nl
— L]
|
| |
|
| |
L 1 L L Ll L
46 48 50 52 54
z (A)
m
Contour plot of MCF OD=1 a=51
. \ . . ‘\\ —
\ \
| \
| \
|

/ /
/ /

o A

48 50 52 54
2 (%)

Contour plot of MCF OD=1 a=10A

Vo ‘ | "

\ \

-5

Contour plot of MCF OD=10 a=2A

T | |
| N ’ |
| [N |

\ | \ |
\\ L |
‘ |
|
7 |
| / | |
»‘ | |
L / L L ' L A“w
46 48 50 52 54
z, (V)
Contour plot of MCF OD=10 a=5A
— - . — -
Vo \ \
\ \ \

\/ | |
“/ » /‘ !
L " L L “ L ,\
46 48 50 52 54
z (M)
m
Contour plot of MCF OD=10 a=10A
. \ . . \ . \‘

Figure 6. Effect of aperture size.
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Figure 8. Effect of bandwidth. Target is located at the normalized time = 0. For broad band
BW=0.1, the target can be detected even for Optical depth (OD) = 10.

distinguish the target scattering from the medium scattering.
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