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Imaging of a Target Through Random Media
Using a Short-pulse Focused Beam
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Abstract—This paper presents a general formulation of a
theory of imaging through random obscuring layers. Previously
we presented a theory for the temporal behavior of a short pulse
scattered from a random medium and from a point target. In
this paper, we generalize our study to include the imaging of
objects of finite size and the actual imaging pattern at the
receiver. This involves the study of two-frequency fourth order
moments. Numerical examples are given to illustrate several
important features, including the optical depth, backscattering
enhancement, shower curtain effects, aperture size, bandwidth
and target size.

Index Terms— imaging, random media, pulse, focused beam

I. INTRODUCTION

I MAGING through random layers has attracted considerable
attention in recent years [1,2]. In particular, OCT (Optical
Coherence Tomography) makes use of space-time focusing to
obtain images through intervening scattering tissues [3]-[5].
Also, the detectiion of IED (Improvised Explosive Devices)
often requires the study of imaging through obscuring layers
[2].

Previously, we conducted a theoretical study of space-time
imaging of objects which consists of the scattering from the
random medium and from a point target [2]. In this paper, we
extend our previous study to include a target of finite size and
the space-time imaging pattern observed at the receiver.

The pulse incident on the object consists of the coherent
and the incoherent components. The coherent component
diminishes with the optical depth (OD) while the incoherent
component tends to increase with OD. The back scattering
from the random medium increases with OD and saturates at
large OD. Therefore, the image from the target tends to
decrease with OD, while the image from the medium tends to
increase with OD. At small OD, the target image dominates
while the medium image is dominant at large OD. This paper
gives a quantitative comparison of the target and the medium
image in terms of OD, aperture size, object size, bandwidth,
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the focusing, and the medium location.

We start with the general formulations and continue with
the discussion of two-frequency fourth order moments and
two-frequency mutual coherence functions. The scattering
from the medium and the scattering from the object are shown
with numerical examples. This paper is dedicated to Professor
Leo Felsen who made great contributions in many areas
including waves in random media, and whom many of us
considered our kind and warm mentor and friend.
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Fig. 1: Imaging system may be an array of short-pulse transmitters and
receivers. The received signal is processed to create the image in space and
time. It can be a focusing lens system. The object can be inside or behind
the random medium.

Il. GENERAL FORMULATION

We consider an imaging system shown in Fig. 1. The
imaging system may be an array of transmitters emitting short
pulses and receivers, and the output is processed to obtain the
image in space and time. The transmitter and receiver have
variable focusing capability, and the received image can be
displayed both in space and time. An equivalent imaging
system can be a focusing lens and the output image may be
viewed both in time and space. In this paper, we use the lens
system to explain the basic idea.

Let us consider the lens imaging system shown in Fig. 2.

At z =0, we have a focusing imaging aperture. A short pulse
f(t) with its Fourier transform F(w) is emitted at S and
propagates to p in the aperture. For example, a Gaussian

modulated pulse is given by
2
F(t)= A exp(—ia)ot —;—zj
1)
N [_ (00—, )ZJ
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where Aw=2/T, is the bandwidth and «, is the carrier
frequency. The source point S is located at the focal distance
f, from the lens, and thus the field at p is given by
G,(P)Y, (p) where G,(p) is the free space Green’s function
and U (p) is the focusing function. Here we start with a

single frequency, and later the two-frequency mutual
coherence functions will be used, and the results will be
Fourier-transformed to obtain the complete space-time
solution. In parabolic approximation, we have
2
exp(ikfo +ik pj
2f

9]

G, (p) =

Arf, )

p2
U, (p) =exp| —ik—
o(P) xp[ I ZfJ

This will create a constant phase at the aperturez=0.
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Fig. 2: Imaging system. Focusing aperture is located at z=0. The point
source at S emits a short pulse which propagates to p on the aperture plane,

propagates through the random medium reaching the object, and scattered
through the random medium reaching@ . The focusing imaging aperture

focuses the pulse on T, . This is then focused and forms the image at
T (z.p) . T(z,. p,) isthe point on the object, T, (z,,p,) isa pointin the
random medium, and T(z,p;)is the image point. The pulse from P

propagates into the medium at T, and is scattered back to T .

Next, we consider the pulse propagation from p to T, on
the object and back to@. We assume that the object has

Dirichlet surface and the radius of curvature of the surface is
large and the Kirchhoff approximation is valid [6]. Thus, we
get the field at @ given by

0 L N
2[G,(4.%)-Gi(%. )G (AU, (MF (@) 85,  (3)
where G, and G, are the stochastic Green’s function from p
to T, and from T, to Q, respectively. We also note that

within the parabolic approximation, G, is traveling mostly in

the z direction, and therefore, we have approximately
0 .~ A
—=ikz-n 4
on @)

Thus, the field at g is given by
izkjsoez(q—,n)el(ﬁ,,E)Go(ﬁ)uo(ﬁ)F(w)dﬁo (%)
where T, =T (z,,p,) and S, is the object surface.

Next, we consider the pulse propagation from p to a
medium point T, (z,,p,) to §. We have the field at g due
to a particle located at T, where particles are randomly
distributed

Vi =G (0.1,)47 1 G,y (F,. P)G, (P)u, (P)F(@)  (6)
where f is the scattering amplitude of the particle. Here G,
and G,, are the stochastic Green’s functions.

Let us next consider the focusing function which focuses
the field on T, (z,,p,) with Gaussian amplitude distribution
exp(-p’/a*)at z=0Owhere a is the aperture size. The

Green’s function G, is then modified by the focusing function
ul

12

| P— 0 | p’

- (7)

u, =exp| —ik
1 =&XP 2Z, a

Furthermore, the wave received at @ is also modified by the
focusing function u,

2
a5 q
u, =ex —|k|——— 8
2 p sz a2 ()

The field at q
function G, with focusing function u, and reaches the

then propagates with free space Green’s

imaging point ¥ (z;, p,)

ikg?
., p( ‘a j
|2

G, :Lexp(ikzi +ik|q_—p‘J
7z, 2z,

©)

Summarizing the above, we get the field at image point T,
due to the scattering by the object

w(T) = [(i2k)dpy,
VW, = Hdﬁ dg G,u; G,u, Gy, Gu, F(w)
The field due to a particle in the medium is given by
v, (47 f) where
l//m = .U dﬁ dq— G3u3 szuz Gmlul Gouo F(a)) (11)

We now consider the temporal behavior of the wave at the
imaging point. We have

(10)

w(T.1) :i [do (F)exp(-iat) (12)
y(%)=y(F.0)
(13)

=], i2ky, (@) dp, + gwm
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Where v, is given in (10) and v, is givenin (11). The
summation over m is the contributions from all particles.
We now consider the temporal intensity at T, .

(5
Idwjdw< v (T o)y

The two-frequency mutual coherence function T" is then the
sum of the object scattering I', and the medium scattering

r

v (T, a)')> exp(—i(w—"t)

m*

F(0.0) = (T.0)v" (7.0)

I (0,0)+T, (0,0)

= J‘So dﬁo _Lo dﬁt; 4klk2 <V/o (a)) V/; (w,)>
o (@0) =] (vn(@)y, () (47) 0,p, AV

where o, = f (o) f (') is the two-frequency differential

1—‘0 (CO, 6()') (15)

cross section of a single particle, p, is the number density, V
is the volume of the random medium, and S,

the object.

Equation (14), together with (15) constitute the final
expression of the intensity as a function of time and the image
point T . In deriving this, we made several assumptions. We

assumed the wave propagation is represented by the parabolic
approximation, the object surface is smooth so that the
Kirchhoff approximation is valid, the scattering from the
object and the scattering from the random medium are
uncorrelated, and the random medium is represented by a
random distribution of particles. If the random medium is a
random continuum, such as turbulence, we can use the above
formulation by using the turbulence spectrum in place of the
phase function of particles.

is the surface of

I1l. IMAGE DUE TO SCATTERING FROM THE OBJECT AND FROM
THE MEDIUM

Let us first consider the temporal intensity of the scattered
wave from the object at the image point T, given in (14) and

(15).

1, (F,t) =#jda)'[da)'l"o (@,0")exp(~i(@—a"t) (16)

In order to calculate I, in (15), we need to evaluate
<y/o (0)y, (a)’)> given in (10).
Let us write
v,(@) = [[ d dg M ()G, ()G, () (17)
where M (w) = G,u,u,u,G,u F is deterministic and G, and
G, are the stochastic Green’s function. We then get
(v (T @)y (T )= [[dp dg dp’ dT' M (@)M (@)
(G, ()G, ()G, ()G, (o))

[N
(&)
~

(14)

Here, we need to evaluate the fourth order moment. This can
be expressed in terms of the second moments using the
circular complex Gaussian assumption. We get

(6,6,6,G;)=(G,G, )(G,G, ) +(G,G; }(GG;)

A\ (19)
~(G)(@)(G:)(Gr)
The coherent field in (19) is given by .
— 1 1 |p0 p| Z-0
(G,)= Py expllk[z0 L 2. ] 5
1 _- |ﬁo _q_|2 _T_o—
(C.) 4rz ”{Z" " 2z, ] 2
C - (20)
2
()= 1 exp| - | -l =
Y 4z 22! 2
1 : |,5’ —ﬁ'|2 T
<Gz>zvzéexp —|k [ZO+2—Z;J_?]
where 7, is the optical depth, k = w/cand k' = ®'/c, and the

point on the object is T, (z,,5,) and T, (z,,p,) shown in Fig.

3.
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Fig. 3: Calculation of the two-frequency fourth order moments.

The two-frequency mutual coherence function in (19) can
be expressed as follows: [2][7]

(GG} ) =(Gy)(Gy )exp(-Hy) (21)
where H; is given by
L b 0
H; =ra+‘([dz§£s ds[l—g\lu(kcsPij )]p(s) (22)

G, and G, are the free space Green’s functions for G; and
Gj , 8, Is the absorption coefficient, b is the scattering
coefficient, 7, :Jab dz is the absorption depth, p(s) is the

phase function, s =2sin(6/2), @ is the scattering angle, and
g is the two-frequency factor given by

g:exp{iMkdsz] =k, —k,
ZI

k. =(k, +k,)/2 is the center frequency, z, =(z, +2,)/2 is
the average distance to the object. The factor P,

(23)

P; is given by
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= |(p-P)| 1 +(_0—_0')Z—ZI
P22_ (C]_—C]_’) 1_Z_Z| "'(_o__o’)z_zI
oot (24)
12 p CI) 1 Z_| +( 0 o)z_

fa=(a—ﬁvl—5j+@a—@jf—

Generalized two-frequency mutual coherence function is
summarized in Appendix A. Using (21) and (22), we write
(19):

<GZG1G;G;> = GZOGloG;oGl*o

(2
I:eXp (_H 2 H11 ) +exp (_H 21 H12 ) - exp(—Zro ):|
The image due to the scattering from the medium requires
evaluation of (i, (@)y,, () in (15). Thisis given by the

5)

same expression as (18), except that T, =T, =T, and thus
Py =P} = Py
We now summarize the final expression of the intensity
1(F.1)
At the image point T, at time t.

L0 = 1, (7,0 +1, (1) (26)
where 1, is the contribution from the object and 1, is the
contribution from the medium. We have

1, (F.1) :(Z%YJ.da)jda)To(a), o) exp(~i(w-a')t)

Ty(,0) = [dp, [ dp;4kk'[dp[dq [ dp'[ dg @
S, S

M (w)M*(w)GlOGZOGl*oG;o

[EXp(_HZZ - H11)+ eXp(—H21 - le)_ eXp(—Z‘[D)]

where G, , G,, are the free space Green’s functions.

The medium contribution is given by

I, (F,t) = (2;1f)2 [do[doT, (@ o)exp(-i(w-w)t)

Fo(@0) = [V (47)" o,p, [ [ dd [ dp'[ a7
\
M (0)M” (a’)GmGZoG;oG;o

[exp(=Hyp, = Hyy ) +exp(=Hyy, + Hyy, ) —exp(-27,) |
where

(28)

Hyo = Hy with p, = p; (29)

Equation (26) with (27), (28) and (29) are the final expression
for the intensity in space and time at the image point.

IV. EVALUTION OF TWO-FREQUENCY MUTUAL COHERENCE
FUNCTION FOR GAUSSIAN PHASE FUNCTION

Even though (27) and (28) give the complete solution for our
problem, they involve multiple integrals which need to be
evaluated. If we assume Gaussian phase function, we can
simplify (27) and (28) and analytically perform the integration
with respect to dpdp’dqdq’ .

First we note that H; in (22) can be expressed with the
Gaussian phase function;

p(s) = 4ar, exp(-a,s’) (30)
We get
k%P,
expl —————
e -n)
H, =7, + j dzb| 1- (31)
A
1--
ap
where A=Mkd, k,=k-k", z, = %% This can
27, 2

be further approximated and we get [2]
exp(—H, ) =exp(-7,)+ F.X;

Bkzpijz (32)
Xy = EXp(_Ta)JFIdZ b[(l_ B)+m}

where B = (1- A/ap)_l, F, =1—exp(—Idz bB). P, is given
in (24). We now get
exp(—H,, —Hy, )+exp(-H,, —H,,)—exp(-2z,) =
exp(—27, )+ F, exp(—7, ) ( Xy, + X + X, + X,1) (33)
+ FSZ (xuxzz + leXZl)
Here the three terms with X, and X,, represent the coherent

backscattering. Substituting (33) into (27), we can
analytically perform the integration with respect to
dpdp’dgdq’ , with the repeated use of the formula.

, =\ 7 B-B

jdﬁexp(—Ap +B-p) :Xexp%, Re{Al >0 (34)
Similar calculations can be made for the medium scattering
(28), with p, = p,". The backscattering coefficient o, p, can
be expressed as bp(s=2). s=2sin(#/2)=2 at O=7x.
Here p(s= 2) using (30) gives a poor approximation for

backscattering. We should use a more realistic value using
Henyey-Greenstein phase function. We get

bp(s=2)= 11_ 9.y,

+ga)2

(35)

where g, = anisotropy factor.
For a given anisotropy factor g,, «, in (30) is determined

by equating the same half-power beamwidth for Henyey-
Greenstein and the Gaussian phase function. We have
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Fig. 4: Example of imaging through a random medium.
In2
@y = ( 2 )9273 (36)
(1_ ga) (2 _1)
For g, =0.85, we get o, =44.6.
Equation (16) gives a complete space-time solution
applicable to narrow as well as wide band cases. However, if

the bandwidth is small, we can approximate (16)

L [dofde'F (0)F ()T (w,0")exp(~i (0—')t)

(27[)2
11 = i i
~ ;E\Ejdwd exp(~iayt)T' (@, )exp[_ 2Aiozj

V. NUMERICAL EXAMPLES

(37)

As an example, we consider the imaging of objects shown in
Fig. 4. Weused z, =504,z =51, a=54, d, =254,

d, =251, a, =44.58, W, =0.9 (albedo), the object size is
5cmx5cm, A =3cm, scanning image area at

z, = 2cmx 2cm, and number of frequency points is 10. This
is used as the reference case. The time is evaluated at
2(f,+12,)/c. We choose the imaging plane at z, = f,. Also

we put the object at the focal plane z, =z, , and the focal
point on axis p, =0. This is a special example. Our

formula, however, is applicable to more general case shown in
Fig. 2. Note that image size is ideally 5mmx5mm square in
the third quadrant because of the ratio z,/z, =0.1. This will

be blurred due to the finite aperture size and the random
medium.

We now consider several cases.

(a) Object size:

Fig. 5 (a) shows the image pattern at OD = 1, which consists
of the target image and the medium image. Note that the
target image is located in the image box, but the medium
image is centered at the origin as expected. The relative peak
values of the target and the medium image are shown in Fig. 5
(b). This also shows a 5cmx5cm target (reference) and
10cmx10cm target. Note that the medium image is the same,
but the target image is about 6 dB higher for the

10cmx10cm target than the 5cm x 5¢cm target. This shows that

the wave at the target is mostly incoherent, and therefore, the
target image is in proportion to the area.

Figures 5 (c) and (d) show the image pattern for a5¢cm x5cm
object and 10cmx10cm object at OD=8. As seen from Fig. 5
(b), the target image is higher for a 10cm x10cm object than
for a 5cm x5cm object.

Target image: OD=1
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'R T
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[ 18 !
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0. i 0075
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Medium image: OD=1

Image pattern; OD=1
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«0.01 -0.006 0 0.006 0.0 «0.01

Fig. 5(a): Image pattern, target image and medium at OD = 1.
Maximum of the image: Aw / mo=0.1
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Fig. 5(b): Relative peak values of the target and medium images.
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Fig. 5(c): Image pattern, target image and medium at OD = 8 for a 5cm x 5cm
object.
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Fig. 5(d): Image pattern, target image and medium at OD = 8 for
al0cmx10cm object.

(b) Aperture size:

Fig. 6 shows the peak values of the target image and the
medium image showing increased target and medium
contributions for a larger aperture size.

Maximum of the image: Aw f&vc=0.1

e Target- a=10n

<o Mediur - a=104-]
- 1A

Magnitude

Megdium - R@fi
.70} i ;
- - - l
805 3 4 6 g 10
Optical depth

Fig. 6: Aperture size a=54 and a=101.

(c) Location of the random medium (shower curtain effect)
Fig. 7 shows the effects of the location of the random
medium, commonly called the “shower curtain effect”. Note
that when the medium is close to the object d, =254, both

target and medium contributions are larger than where the
medium is away from the object (d, =121).

Maximum of the image: Aw / u-n=0.1
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Fig. 7: Shower curtain effects.

(d) Bandwidth

Reduction of the bandwidth broadens the pulse width. Fig. 9
shows that the pulse return from the target as a function of
time is broader for BW=0.001 than for BW=0.1. Note that for
BW=0.01, it is impossible to distinguish target and medium
scattering, but for BW=0.1, it is clearly possible to distinguish
them.

Medium scaftering, BWs0.1 Medum scattering, BW=0.01
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Fig. 9: Effects of different bandwidths.

VI. CONCLUSIONS

We have presented a theory of imaging of objects through a
random medium. A short focused pulse is emitted at the
aperture and the received signal is then displayed as a spatial
image at different times. Our formulation and computer code
are general, including the object located at an arbitrary point,
and the focal point can be at any point. The imaging system
includes the imaging point at any point at an arbitrary time,
even though our numerical examples are for the image plane
at the same source point and for time given by the exact time
of travel from the source to the object and back to the image
plane. The focal point can be varied or scanned. The imaging
system should be useful as a device to probe an object hidden
behind random obscuring layers. The theory presented in this
paper includes the study of the two-frequency fourth order
moments, which have received little attention in the past, but
may be useful in other applications for space-time propagation
and scattering in random media.

APPENDIX A: GENERALIZED TWO-FREQUENCY MUTUAL
COHERENCE FUNCTION

A general case involves two separate correlated sources as
shown in Fig. A-1.
We assume that |z, —z,| << L, , |2, — Z,,| << L, , where L, is
the equivalent average distance

(2+2,) (21 +72y)

= - A-1
. 2 5 (A-1)
We get the two-frequency mutual coherence function
F(ﬁ, a)l;FZ’a)Z) =Gy (rl’ a)l)G;O (sza’z)eXp(_H )
k? +k2 (A-2)

H :4ﬂ2j0LdZIOOOKdK —-kk,09, (K'P):|(Dn (x.2)
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@, (x, ) is the spectrum of the random continuum. For
particles, we use the phase function p(s).

27k D () = b p(s), x=ks.
4

We have under parabolic approximation
— — |2
k, |,01 - p10|

10 2|z, - 2,

:mexp[|k1|zl—zm|+l

L (A-3)
k2|pz_p20|

Cap = 2|z, - 2,

———exp| ik, |z, —z,,|+1i
472, — 2, [2|2 o

g =exp _iZ(Le_Z) i_l KZ
- 2Le kl kz
, .

(Pl a )

e

P:
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