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Object detection and imaging in random
medium — general problems
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rough surface

Array or aperture

UWB: Two-frequency MCF (Mutual coherence
function)

Focusing: Resolution, spatial and temporal

I',,(t) = medium and rough surface = (2,37 )



e Stochastic Green’s function (G) + Gy
e Stochastic surface currents (J) + Jy

random medium

(Gi) + G Tef = Incident Green’s function

a] ‘ + Jy = surface current on object (stochastic integral equation)
(Gs) + Ggp = scattered wave

a\.(_rm + G = medium scattering



e Coherence length and target size
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(G.(M)G (7))

[ = coherence length
D; = target size

o [ > D;— plane wave, scattering amplitude (point scatterer)
| < Dy — coherence length is important (Kirchhoff approximation)



e Shower curtain effect (location of random medium)
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coherence \ random ! random | coherence
length \mediurr} medium length
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e Higher resolution if random medium is closer to
target



e Backscattering enhancement

N,
5 (correlation)
N4

e Increase of backscattered power due to correlation
between forward and backward waves



e Focusing and tomographic imaging multiple
transmitters and receivers

AAAA

random
medium

p=N x N transmitters
g =N x N receivers



e UWB in random medium
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focal point

Black in free space
Red in random medium



e Time response
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e UWB pulse

e Focused — transmitter and receiver
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Outline

Problem statement
General formulations

Generalized two-frequency mutual coherence
function (MCF)

General solution for imaging
Approximate analytical solutions
Final expression for I'(t, z. p)

Resolution, coherence length, shower curtain
effects, backscattering enhancement

Other related problems:
Objects in random media
Objects near rough surfaces
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1. Problem statement

Transmitter — Receiver

— Array or aperture — focused /////

— UWB pulse — x . object
General Formulations and solutions | % :j‘;‘;ﬁm . focal point
two-frequency MCF .

Analytical solution -

Effects
— Resolution
— Coherence length, coherence time
— Shower curtain effects (location of random medium)
— Backscattering enhancement
Relations
— SAR, Confocal imaging
— OCT (Optical coherence tomography)
— MIMO (Multiple-input multiple-output)
Other related problems
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2. General formulations

g (w,) 1///7- ObjeCt

@3/ focused

g(w) | random
['(t;.t2) = Output medium

1 . . «
— / /dwl dwy exp (—iwit + twot ) (wi., wo ) F(wy ) F* (w2)

i

SSTRECSTEENRS TN

Z‘(Lsﬁf)

[(wy,ws) = Two frequency mutual coherence function - 4" order

= D DD (gi(wi)ga(w)dh (w2) g5 (w2))
p g p g

F(wy) = Transmitter spectrum

g1. 92, g1. go = Stochastic Green’s functions s



General formulations - stochastic Green’s functions

g (@,) e object
g e €« | —— —
i R et IR
i PR e e A Z
742, (0) . focused
_ g, (w) [random L
p . | rf(Lspf)
medium |
< N
L

g1 = Gu(p.To,w1) u(p, Ty, wi)
L focusing function
Stochastic Green’s function (forward) at w;
g2 = G2(q.7o,wi) u(q, 7¢,wi) = backward at w;
gy =GP 7o, w2) u(p', 7 f, wa) = forward at wo

gy = Go(q , To,wo)ul(q . T f.w2) = backward at wy
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General formulations - Gaussian modulated pulse

. t*
pU|Se f(t) =exp (T2 - ‘iwof)

F(wy) = /f(t)exp(Jriwlt)dt

= /71, exp ( v %o ) =

J‘
e Coherence function TI'(t; =ty =1)
2 dw, dwg exp(—iwat) I {wy, wo ) Flw ) Flws).,  we = (w +w2)/2. wg = w1 — w9
T2
11 [r ¥
— AL \E / dwq exp(—iwat ) I'wg) exp (— E_V:\rﬁ ) ['(wy.ws) = slowly varving funetion of w.

['(wy) T 7 Y Y {jlf’j){jl (;2 ) = fourth order moments
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General formulation — Calculation of fourth
order moments

T(wa) = {g19207 g5 Use circular complex Gaussian assumption
2!

A E AN E

Y [ e\
— \g1/)\92,\91 )\Y2

N A - S NER
+491)(91 ){927927) A

_ *
cyclical terms

. S E N NES
+{g2) (92 ) (917 917) A

q!
p!
,: ,- q ladder terms A
[ e R ey
919180 \92F92¢) A »
[ SN I
+(g1) {92 (927 917)
, Two-frequency:
H{g) (g7 g1 rghs) = d Y
Yook = \.<J_x\.« f Zfr ] ] 7 N
f e o .'_ffl(wl)w92(”1)4}1(@2)-. (') (WQ)
+(qg1rg5¢)(92rG1¢) * , :
Need to consider
— coherent field (g1(w1))
— incoherent two-frequency MCF {_glf(wl)gfl‘}(wg)}
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3. Two-frequency MCF for point source

s
—

point
source random
medium

\

o ((G) = coherent Green’s function = (G(7, w))
* [ = Two-frequency MCF
= T'(7, w1372, w2)

L (71, w17 (P2, w2))

\

e

e (¢ = Stochastic Green’s function



Two Frequency MCF

Ishimaru, Sreenivasiah, Hong, Painter (1976, 1977, 1978, 1980)
Oz, Heyman (1997)

Bronshtein, Mazar et.al (2002)

Young et.al (1996)

Plane wave

Modal theory

Reference wave

This paper was second order phase perturbation
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Second order phase perturbation, Rytov,
phase integral

VTR (L+e)] G =—=5(F)

e Born series
(= i G, Gur) =unperturbed field in free space
Gi(F) = / G(F, 71 )K2%e1(71)GolF1) oy,
Go(F) = / /{;‘u:j P ke (7)) GF, P ) k2 ey (70) G o (7o) duy dus. Gy = O (€7)
e Phase perturbation series
() = Go(F) exp (i L )
=1
e Equating the terms of the same powers of €”
) = G g = Gy L_ff. V3 = O (%)

G, G, 2 19



Coherent field

(G) = G’O< exp (U + 12 + (f-)(E'ﬂ))> <exp )) =exp | (V) + 5((3 — (z))z)
U o1
(G) = Goexp ((‘?;'—’2> +5 ('h‘—’f>> but oy = =2 — ézf

Therefore, (G) = G, exp ((G2/G,))
We can show that

(Go /Gy = C /[fflf riler(r e (Fa )Gy, o )G ) dVy dVs
-rlfl

F 3 ¥
= —9712k? / = [ b (k)rdr = — [ alz)dz
10 SO A0

er(rr)er(ra)) = 4{ni(ry)na(re)) = 0(21 — 22)A(p1 — p2)
o
A(p) = 1672 [ Jolkp) Py, (1) di
J0
D, (k) 1s the spectrum of the refractive index fluctuation

e Consistent with moment equation solution
20



Two-frequency MCF - derivation
[(71, wiiT2,we) = (GG*) = (G(F1,w1)G* (72, w2))

. : 2
e Phase perturbation series up to €
I = G, (r.w)Gh (T, wo j:l( exp (U + 9 + ] + U5 + L".T’[:r—""}])s
) : !

U = ry.wy ). e = welr, wy ), E.‘j = r.‘{'i:f_’g.w‘g]. -.f.‘é = r.‘é[f_'g.w‘g]

e Assume normal distribution

)

Y+ (1) + @[F:i:ﬁl)

I\_.l| —
Ll £
_I_
2| =

L exXp U 4 W £ Wy + 1y ) = exp ( o) + Wy ) + =W,

— exp [-:::{:g:.-’; Go) + ((Go/Go)") + (]) + f.}I:F:i:]]

{:2 = GE[FI.JJ GE | = Gé[rg'd] = (ry,w) Uy = (T 9 )
= s = = = s U =L ) = oW
G+, G (. w) G, G (ra.w) 1 !

e This requires
() = ([xa (Fr,w1) + 1St (P, wi)] [xa (Fo,wa) + @St (T2, we)]" ) = By+Bs+i[Bsy — Bys]

B‘k = \ . wp )y (ro. wa) Bg = (S1(r1. w1 )51 (72, wa )

Bs, = (S1(rr.wi)xi(re,wa)). Bys = (x1(F1.wi)S1(r2, wa)) 21



Final expression for two-frequency MCF

o Correlation B, is given by

L o0
B, = 272 k1 ko / dz / kdk gy (K, 2)Jo(KP)®, (k. z): P = |pgz/L]|
Jo J0

gy = R[hihy — hihs].  gs = Rlh1hy + hihs]

gsy = —SS[hah] + hohi],  gys = —S[hihy — hihs]
2 (L —2z) . (L —2z) .
where h; =exp (—sf( T8 );‘{.2) . ho =exp (—sz( ST )f{.z)

e Final expression

F(-ﬂ LW1iT9, L:Jg) = (;'(_-,('Fl LWl )(;:} (?_‘2 . C.ug) E‘X]’)(—H)

L o0 2 2
. L k3
H = 47? / dz / rdR { 1 _‘; = —kikag j”(h-.P)] D (r, 2)
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Two-frequency MCF for discrete scatterers

e For discrete scatterers

5 [
2k D, (k) = 41

wo) = Go(F1,w1)G,(To,wo) exp(—H)

] _.

(s), w=ks —» b
=T, + / dz / sds [l — gJ,(ksP)]p(s)
0 0

where

(L — z ..
g = exp [Jri%l;dﬁ] ,  Tg = / a dz = absorption depth
L J0

e Assume Gaussian phase function

k2P
' 2 L exXp (_(—_)
p(s) =dopexp (—aps”) —— =1 4 / d=b |1 — Ao —4)

Jo (1 _ %)

B=(1- Afc‘rp)_l

where ([ — -
PR
2L
e Approximation

L B;ﬁﬁ.ﬁ'}‘:ﬂ
X | — = X r_"_.'31-: 5 EX _"_.'.! _ 'F’: 'I-I‘ | - | —
exp(—H) = exp | ) + F :1]}( [ dzb [LL B) Pﬁ-l[uf,—ffl}])

Fo=1—exp(— [dzbB) 73



Comparison with known plane wave solution

e Plane wave solution

1 tan(ida)V/?
[ = —exp | —————p3
cos (14 a-)l-"' 2 (2 4&.)1_,.- 2 Fe
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4. General solution for imaging

/)

K
K
X
-—————]—_—— — — 4 —— - — — — — Z
K
K
K

focal point

X (2915)

random
medium

1 [~

E w?
[(t.z.p) = vy _Vf§ /{{Lu‘{g exp(—iwgt )I'(wyg) exp (QAij)
I (wq) YYYY (91 9291 95)
P p g
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General solution for imaging

(1)Pulse T'(t.z.p)at t=0and t# 0
f
— Origin t =0 isat(z=L.p=0)

///

/ ['(t=0,z, p)
S el i an
t=-2L/c t=—t, =0 =+,

26



General solution for imaging

(2) Backscattered pulse T'(t) / / /

I' = rm hp S = 2) + rf( ) L ]dz idp target

]T;rn /(]f) /(] IL .f...ﬂ 1"[ _< ————————— —;x——

= medium scattering

Iy(t)=0(t,z=L,p=0)

= target scattering

. L +g¢ s\
p(s) = Henyey Greenstein = — S R
(1 —g)° So
V) : 1 —g)?
s = 2sin —, 5% = ( 9) . s = 2(back)
2 ' g

o, = backscattering crosssection = A\ 27



5. Approximate analytical solution

['(wa) YYYY (g1(w1) g2(wi) 91" (w2) 95" (w2))
pp q

e Coherent field (g1(w)) etc.

o Two-frequency MCF (gi(w1) g7 (w2)) etc.

28



General formulation — Parabolic
approximation coherent Green’s function

PP =
2

(91) = (G1(p.To, w1 ))u(p, Tf.w1)

. _ 1 |
(G1) = Gyexp (_ / v dé) = 1 exp { +ik1z +

ey p?

2L

U = exp (—EL L —1 ) ., p=xr+yy

(z,p)

To = / dz(a 4+ b); a=absoption, b=scattering coefficient=2c/(z)

29



Coherent field

(1) = (G1)u = 1,(k1)exp(—7,/2)

1 _ vk ikip? /1 1 ke
(k) = N tk1(z — L) + 2—11;7 + ;I ( - L) — z—lﬁ p]

30



[ = YYYYYI

=1 p P q

Iy = (g1)(92)(91")(95) = Lp(k1) Iy (k) Iy (k2) 1y (k) exp(—27,)

31



Iy = (g1)(91") (927 957)

(91) = Lp(k1) exp(—T7,/2)
(7)) = Ly (ko) exp(—7,/2)
(921957) = I, (k1) I, (ko)Fsexp [~E; — D|g — q'|?]

Fs=1—exp {/{Z;_,F)BP] Ey = /d;_:b (1-5B,)

. ) P4 (Dﬁ"p — 143_)) “m

: —1
12 (2 — 2 _ A,
lilp — ( ~ )k{f Bp — ( — 33')

. -~
2“"'”?.-
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General formulation — Focused array and
aperture — Poison’s sum formula

E (g1) = E (Gh)u

p P
e Linear array

_ (2N +1) (2N +1) [ 2 -
Z f(p) = » f (z)dr = 2w / N ﬁe:{p (—2 flx)dx

p=— '\ of —(1

e Square array
| — [(2N+1)
Sj. = Sj Sj — ( T ) / /_p\p ( ‘z Y ) Flasy) dee dy
P Pe Py a

I(A.B,C. . 3) = / / dx dy exp (—f‘lzr_:g — B y2 + Caoy + ax + [By)

T a’B + 3°A 4+ a3C
= exp -
VAB - C?/4 : 4(AB — C=/4)
33



> D DD (gigegtdy)
p P q q

2 , o712

(*) = backscattering enhancement (cross term)
34



6. Final expression for I'(t.z.p)

' = rtargetﬂ'b =+ chzdium[b p(S — 2)}

rtarget (FJ-;-H,: P s t) = C'onst / I, (fi-rn..a P s w{'ﬂ) exp (_2"_(1:”1) exp ((I)) dw(-g

Zi".”
Tam — / apdz = (Lb(:.:m — dl) Pm = Pmad T Pmyl

=i —2 (Pma + Pmy) T i—2(z L) — £~ —twgt
; ‘ma “ma “1n o 7 dt
Cam J C ) (Aw)z

Fr_}(;-?m: Pm s U-"d) — (Ifz; + 41{}If -+ 2]?) %

gy

'{i?‘i'i'

Without enhancement = (IE + 20l + I% ) :

35



I 0 (A-: B ) C » OV, .-‘3) — @:x? @-y eXp (_Tsn:r.)

C'_') — T exp |:(_} i B + _‘j% Jil + Vy jT (‘v
T T - > I . |
VAB — C?/4 1(AB —C?/4)
! 2B+ 32A+ o, 3,C
@-t,r Xp ! 7 |

p— e <)
" VAB - (C?/4 4(AB — C=/4)

. klﬁ’-m:r 'LLE Pma Al Py 3} — AZ Pmy
8} T = —1 . T — U N b r z _
“m “m ~“m ~m



It (Ar.Br.Croap,3p) = FT, T, exp (—Ey)

T I a2 Be+ 062 Ar+ app35,C ]
Y, = - exp fe2f T Praddf fatfat f
JArBr = C3/4 1(A;By-C3/4)
e 32, 3.
T ar Br+ 087 Ar+ apy G5, C
T, = __exp fy2 ) T Py | TuPry™~r
JArBr -4 | 4(ABr-C3a)

1 Dk /1 1 1 Dk /1 1 i
Ar = — — ——).Bf=—+ — —— |, Cf =2
I = a2 + F : 2 (:;m L) 2L T g2 i F T 2 ( L) ' _

“m
- Z;r” z;".” kz ( .y _
Fo=1—exp| — dzb B, D — / dzb B, . Zm
- d‘l . d‘l - ’—1 (O:"I,-_) — J‘il?_)) zZm
' / —1
, 12 (2 — %) - _ A,
11_1}} — 2 N k(g Ef —_— [‘:El (Z}:b (J_ - BE)) BP — J_ - o
~m p
ey Pmy - o Pmy o k1 pma 3, — K2 pima
apy = —i— Py =i ofp = —it2lme 3

<m m “m “m 37



Transverse Resolution

172 2 ‘coh T 7.9
wz =z, i

W,

free space

2 L aranen Tanat]
Peoh = 73+ Peoh = coherence length
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2a

Numerical Examples

A I3
/F

random AL

medium :

|

¢ > d, :
< |

) L K

1>

Az = pluse spread

W = lateral resolution

Az; = delay due to
multiple scattering

a = DA\

Aw/w, = 0.2

g = 0.85
W, =20.9

{Zl — dg : 2D\
op = AN, A=1
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Pulse spread, delay and lateral resolution

p. W)

OD =1

Contour of MCF OD=1 Reference case

(=)

Pulse spread and delay

MCF atp =0 Reference case

p, W)

OD =10

Contour of MCF OD=10 Reference case

;

Lateral resolution

MCF as a function of p ; Reference case

50
2y 0)
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Effect of aperture size

a = 2\

Contour of MCF OD=1 a=2),

5 ! .
\ \ 0.9
B
0.7
//ﬁ \\ 0.6
- { \ 0.5 .
O S ot \‘ ] 04 S
D=1 = | -
5\ / 0.3
N // 0.2
- 0.1
/ 0
0.1
-5 L L L L / L |
46 48 50 52 54
7, )
Contour of MCF OD=10 a=2),
5 T T T T
N \
/ \ 0.8
[
“ \\ 0.6
OD=10 . . SR
L <L
2 ol - I =
Q \ ) 0.2 (=%
\“ 0
\ /
\ / 0.2
AN
5 . . . [ |
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OD =1

z ()
MCF as a function of p_; OD=1

X

a = b\

Contour of MCF OD=1 Reference case

5 —

\ \
\ \

a= 10\

Contour of MCF OD=1 a=10

p, ()

s )/ ‘ /

48 50 52
z, )

Contour of MCF OD=10 a=10x

p, ()

46 48 50 52
2, )
Contour of MCF OD=10 Reference case
7N\
/ ‘\\
{ \
[ \
o
or \ ‘
\ a
| |
\ |
\ /
\ /
\_/
L L L ! L Il
46 48 50 52 54

48 50 52

OD =10
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e Resolution is better if d; = 25
{Zl =0

Contour of MCF OD=1 d1:0

OD =1

p. (W)

-5

-5

Shower curtain effects

46 48 50 52 54
7, )
Contour of MCF OD=10 d1:0
\ — Y ; ™
\
\
|
|
|
|
|
o
. C / . .
46 48 50 52 54
z_ (L)
m

A

Contour of MCF OD=1 Reference case

5 . . ! : ;
— //" - '\\\
éx or
aQ \\\ N ///
-5 L L L L / L
46 48 50 52 54
2 ()
Contour of MCF OD=10 Reference case
\ ‘11 2N
| / \
| f \
| f \
Ny \
2 |
= 1] \
\ )
! \ /
/ i /
/ \ / |
/ \ I
| N\ /
-5 \/ C‘ | I I »‘
46 48 50 52 54
z ()
m
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0.6

0.4
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Effects of medium thickness on transverse resolution

MCF as a function of p ; OD=1 MCF as a function ofp ; OD=10
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=10

Opticaldepth

1

Effect of aperture size

Optical depth

0.2

-0.2

0.4

.6

0
Normalized time (with 2L/c)

0.8

0.2

-0.2

-0.6 -0.4
Normalized time (with 2L/c)

-0.8

OD =10

OD=1
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Effect of bandwidth

1

=10

Opticaldepth

Optical depth

-1

-120

Normalized time (with 2L/c)

Normalized time (with 2L/c)

OD =10

OD=1
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=10

Opticaldepth

-60

-120

Effect of d,

1

Optical depth

d =20% -

46

OD =10

Normalized time (with 2L/c)

-1

OD=1

-120

Normalized time (with 2L/c)

-1



Effect of g (anisotropy factor)
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Effect of albedo

=10

Opticaldepth

1

Optical depth

-120

0.2

-0.2

0.4

.6

0
Normalized time (with 2L/c)

0.8
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OD=1

48



Conclusions

Detection of objects behind random medium

Use of array of transmitters and receivers

— Focused
— UWB pulse

Two frequency MCF
Transverse and longitudinal resolution

Coherence length, shower curtain effects,
backscattering enhancement

Relationship with OCT (Optical coherence
tomography), SAR, Confocal imaging
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Future problems

Point objects (this paper)
Large objects (Kirchhoff)

Objects with different size and shape, conducting and
dielectric, polarimetric

Random medium — layer (this paper)

Rough surfaces, terrain, ocean surfaces, bottom
buried objects, void, cavity, waveguides
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