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Reliability-Constrained Area Optimization of VLSI
Power/Ground Networks Via Sequence

of Linear Programmings

Sheldon X.-D. Tan, C.-J. Richard Shi, and Jyh-Chwen Lee

Abstract—This paper presents a new method of sizing the widths of
the power and ground routes in integrated circuits so that the chip area
required by the routes is minimized subject to electromigration andIR
voltage drop constraints. The basic idea is to transform the underlying
constrained nonlinear programming problem into a sequence of linear
programs. Theoretically, we show that the sequence of linear programs
always converges to the optimum solution of the relaxed convex opti-
mization problem. Experimental results demonstrate that the proposed
sequence-of-linear-program method is orders of magnitude faster than the
best-known method based on conjugate gradients with constantly better
solution qualities.

Index Terms—Circuit modeling, linear programming, power distribu-
tion network, simulation and optimization.

I. INTRODUCTION

Power/ground (P/G) networks connect the P/G supplies in the circuit
modules to the P/G pads on a chip. An important problem in P/G net-
work design is to use the minimum amount of chip area for wiring P/G
networks, while avoiding potential reliability failures due to electromi-
gration and excessiveIR drops. Specifically, we are concerned with the
problem of P/G-network optimization where the topologies of P/G net-
works are assumed to be fixed, and only the widths of wire segments
are to be determined. Several methods have been developed to solve
this problem [6]–[9]. However, to the best of our knowledge, none of
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these methods have been incorporated into commercial computer-aided
design (CAD) tools and used by industry.

One major obstacle is that these methods are based on constrained
nonlinear programming, a process known to be computationally inten-
sive (NP-hard) [12]. These methods are applicable only to small size
problems, while P/G networks in today’s very large scale integration
(VLSI) design may contain millions of wire segments (therefore, mil-
lions of variables). On the other hand, with the continuous shrinking of
the chip feature size, P/G network optimization is becoming increas-
ingly important, since more and more portions of the chip area are
dedicated to P/G routings, and the problems ofIR drop and electro-
migration deteriorate.

In this paper, we present a new method capable of solving the P/G
optimization problem orders of magnitude faster than the best known
method. Our method is inspired by a key observation made by Chowd-
hury that if currents in wire segments are fixed, and voltages are used as
variables, then the resulting optimization problem is convex [8]. How-
ever, instead of using the conjugate gradient method as in [8], we show
that the problem can be solved elegantly by a sequence of linear pro-
grams. We prove that there always exists a sequence of linear programs
that converge to the optimal solution of the original convex optimiza-
tion problem. Experimental results have demonstrated that usually a
few linear programs are required to reach the optimal solution. The
complexity of the proposed method is proportional to the complexity
of linear programming (which can be solved in polynomial time [5],
[12]). Therefore, our method is scalable, i.e., the CPU time increases
approximately polynomially with the size of a network. In practice,
we have observed that the new method is orders of magnitude faster
than the conjugate gradient method with constantly better optimization
results.

This paper is organized as follows. Section II reviews some previous
work. Section III describes the formulation of the P/G network opti-
mization problem. The new method is presented in Section IV. Some
practical considerations are described in Section V. Experimental re-
sults from some large P/G networks are summarized in Section VI.
Section VII concludes the paper.

II. PREVIOUS WORK

It is generally assumed that the average current drawn by each
module is known and is modeled as an independent current source
(we do not consider the temporal correlations of current sources). The
constraints from reliability and design rules include: 1)IR voltage
drop constraints; 2) metal-migration constraints; 3) minimum width
constraints; and 4) equal width constraints. The problem of deter-
mining the widths of wire segments of a P/G network to minimize the
total P/G routing area subject to all these constraints is a constrained
nonlinear optimization problem [6], [7].

In the method of Chowdhury and Breuer [6], resistance values and
branch currents are selected as independent variables. Both the objec-
tive function and theIRvoltage drop constraints become nonlinear. The
augmented Lagrangian method combined with the steepest descent al-
gorithm [1] is used to solve the resulting problem.

Dutta and Marek-Sadowska [9] used only resistance values as vari-
ables. All of the constraints expressed in terms of nodal (terminal)
voltages and branch currents, which have to be obtained by explicitly
solving an electrical network, become nonlinear. The feasible direction
method [4] is employed to solve the nonlinear optimization problem.
At each iteration step, extra effort is required to solve the electrical net-
work for nodal voltages and branch currents, as well as their gradients
by numerical differentiation.

0278-0070/03$17.00 © 2003 IEEE



IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 22, NO. 12, DECEMBER 2003 1679

Chowdhury [8] proposed a very interesting approach, where both
the nodal voltages and the branch currents are selected as variables.
The optimization problem is solved iteratively in two stages. In the first
stage, all of the branch currents are fixed, and this leads to a convex pro-
gramming problem solved by the conjugate gradient method [1]. In the
second stage, all of the nodal voltages are assumed fixed with branch
currents as variables, and this leads to a linear programming problem.
In comparison with other methods, this method is more general and
more efficient. Unfortunately, the conjugate gradient method is not ef-
ficient enough to solve large size P/G optimization problems arising in
today’s VLSI design.

A method proposed by Mitsuhashi and Kuh [11] further extends P/G
network optimization to include P/G network topology selection. In
this paper, we assume that the topology is fixed.

III. PROBLEM FORMULATION AND GENERAL

OPTIMIZATION PROCEDURE

Our work follows the formulation and the general optimization pro-
cedure of Chowdhury [8]. His results are first reviewed briefly in this
section.

A. Problem Formulation

Let G = fN;Bg be a P/G network withn nodesN = f1; . . . ; ng
and b branchesB = f1; . . . ; bg. Each branchi in B connects two
nodesi1 andi2 with nodal voltagesVi1 andVi2 such that currentIi
flows from i1 to i2. Let li andwi be the length and width of branch
i. Let � be the sheet resistivity. Then resistanceri of branchi can be
expressed as:ri = (Vi1 � Vi2)=Ii = �(li=wi). The total P/G routing
area, which is the objective function to be minimized, can be expressed
as

f(V; I) =
i2B

liwi =
i2B

�Iil
2
i

Vi1 � Vi2
: (1)

Instead of using widthswi, i 2 B as variables, we choose to solve for
branch currentIi and nodal voltagesVi1 andVi2. The constraints to be
satisfied are as follows.

1) The IR drop constraints.

Vj �Vj;min if node j is connected to a power pad

Vj �Vj;max if node j is connected to a ground pad (2)

whereVj;min andVj;max, j = 1 . . . n are given constants.
2) The minimum width constraints.

wi = �
liIi

Vi1 � Vi2
� wi;min (3)

wherewi;min, i = 1 . . . b are given constants.
3) The current density constraints (electromigration). For a

fixed thickness� of a layer, this constraint for branchi can be
expressed as [3]jIij � wi�. It can be rewritten as the following
nodal voltage constraint:

jVi1 � Vi2j � �li�: (4)

4) Equal width constraints. The constraint can be written aswi =
wj for segmentsi andj. In terms of nodal voltages and branch
currents, we have

Vi1 � Vi2
liIi

=
Vj1 � Vj2

ljIj
: (5)

5) Kirchhoff’s current law (KCL) .

i2B(j)

siIi = 0 (6)

for each nodej = f1; . . . ; ng andB(j) is the set of indexes of
branches connected to nodej andsi is 1, if the current direction
for branchi is toward nodej and�1, otherwise.

P/G network optimization is to minimize (1) subject to constraints
(2)–(6). It will be referred to as problemP. ProblemP is a constrained
nonlinear optimization problem.

B. Relaxed Two-Step Optimization Procedure

To reduce the complexity of solving problemP, Chowdhury pro-
posed the following relaxed two-step optimization procedure.

• ProblemP1: Assuming that all branch currents are fixed, the ob-
jective function becomes

f(V) =
i2B

�i

Vi1 � Vi2
(7)

where�i = �Iil
2
i , subject to constraints (2), (4), and (5)1 and

the following constraint:

Vi1 � Vi2
Ii

� 0: (8)

The constraint ensures that the current direction will not change
during the optimization process.

• ProblemP2: Assuming that all nodal voltages are fixed, the ob-
jective function becomes

f(I) =
i2B

�iIi (9)

where�i = (�l2i =Vi1 � Vi2), subject to (3), (5), (6), and the
following fixed-current direction constraint:

Ii
Vi1 � Vi2

� 0: (10)

Chowdhury showed that problemP1 can be converted to an un-
constrained convex programming problem and solved by the conju-
gate gradient method.P2 is a linear programming problem. Therefore,
solving P is to start with an initial feasible solution, then iteratively
solveP1, thenP2.

IV. NEW LINEAR-PROGRAMMING-BASED ALGORITHM

The new method uses a sequence of linear programmings to solve
the nonlinear programming problemP1. In this section, we present the
method and prove that it always converges to the optimum solution of
problemP1.

The basic idea is to linearize nonlinear objective function (7). To see
this, we define the branch voltage drop variable asvi = sign(Ii)(Vi1�
Vi2) for each branchi, where sign(x) = 1 if x > 0 and sign(x) = �1
if x < 0. Note thatvi � 0. Then, in terms ofvi, i = 1; . . . ; b, the
objective function (7) can be expressed as

f(v) =
i2B

j�ij

vi
(11)

wherev = fv1; v2; . . . ; vbg
T . Suppose that we have an initial feasible

solutionV0 and correspondingv0 satisfying all the constraints. We
then take the Taylor expansion off(v) aroundv0 and keep only the
constant and linear terms. The resulting objective function is called
g(v)

g(v) = f(v0)+
@f(v0)

@v
(v�v0) =

i2B

2j�ij

v0i
�

i2B

j�ij

v0i
vi: (12)

1Constraint (4) was not considered in [8].
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Fig. 1. h(x)� 1=x and its first-order expansion at 0.04.

Instead of minimizingf(v), we minimizeg(v) as long as these two
functions satisfy the following property:

g(X) > g(Y ) =) f(X) > f(Y ) (13)

where) meansimply. This requirement essentially says that as long
as we reduceg(X), we can always reducef(X).

To motivate our method, we first consider each individual term in
the objective function (11), which has the following formh(x) = c=x,
x > 0, wherec is a constant andc > 0. Fig. 1 draws functionh(x) =
c=x, with c = 1, and its linearized first-order Taylor expansion function
H(x) at expansion pointx0 = 0:04. We note that bothh(x) andH(x)
are monotonically decreasing functions inx in the range (0,1) with
the property thath(x) > H(x).

Consideringf(v) andg(v), we have the following two optimization
scenarios.

1) If all of the branch voltage dropsvi increase after optimization,
we havef(v0) > f(v) andg(v0) > g(v). Because all the
terms in bothf(v0) andg(v0) monotonically decrease as each
vi increases, property (13) is always satisfied.

2) If only some of the branch voltage drops increase and others de-
crease or stay unchanged, then property (13) may not be satisfied
due to the fact that forx < x0, h(x) will increase very quickly,
whileH(x) only increases linearly. As a result, we may end up
with f(v) > f(v0), while g(v) < g(v0).

In this case, we can limit the solution space to the neighbor-
hood ofv0 such that property (13) holds by imposing the fol-
lowing constraint for each branchi:

� � v0i � vi � (2� �) � v0i (14)

where� is called therestriction factor0 < � < 1. As will be
shown in Theorem 1, we can always satisfy property (13) by
choosingv to be sufficiently close tov0 (� is close enough to
1) asg(v) is essentially the first-order approximation off(v).

On the other hand, an increase in any branch voltage dropvi, i 2
f1; . . . ; bg always decreasesf(v) andg(v), according to scenario 1.
This implies that the upper bound in (14) is redundant, and we can com-
bine the solution space, where relation (13) holds in both scenarios, into
a single space

� � v0i � vi: (15)

Fig. 2. Illustration of sequence of linear programmings.

In terms of nodal voltages, the linearized objective function and the
restriction constraint can be rewritten as

g(V)=
i2B

2�i

(V 0

i1 � V 0

i2)
�

i2B

�i

(V 0

i1�V 0

i2)
2
(Vi1�Vi2) (16)

� � sign(Ii) V 0

i1 � V 0

i2 � sign(Ii)(Vi1 � Vi2): (17)

Note that constraint (17) does not necessarily require that nodal
voltageVix, i 2 f1; . . . ; ng be close to their initial values. Because
constraint (17) already implies constraint (8), we have the following
optimization problem, denoted asP3: minimize (16)

g(V) =
i2B

2�i

(V 0

i1 � V 0

i2)
�

i2B

�i

(V 0

i1 � V 0

i2)
2
(Vi1 � Vi2)

subject to

(2): Vj � Vj;min if node j is connected to a power pad,Vj �
Vj;max, if nodej is connected to a ground pad;
(3): (Vi1 � Vi2)=(Ii) < (�li)=(wi;min);
(4): jVi1 � Vi2j � �li�;
(5): (Vi1 � Vi2)=(liIi) = (Vj1 � Vj2)=(ljIj);
(17): � � sign(Ii)(V 0

i1 � V 0

i2) � sign(Ii)(Vi1 � Vi2).
ProblemP3 is a linear programming problem. For convenience, we

use� to denote the feasible region of problemP3 defined by (2)–(5)
and (17). We use
 to denote the feasible region of problemP1 as
defined by constraints (2)–(5) and (8). Clearly,� � 
.

The procedure for solving problemP1 can be transformed to the
problem of repeatedly choosing� and solvingP3 until the optimum
solution is found. This sequence of the linear programming process
is illustrated in Fig. 2 in terms of solution space of problemP1 and
solution spaces of problemP3(�0 to�n).Xmin is the global minimum
of convex problemP1. It shows how the new method approaches the
global minimum by several linear programming processes iteratively.

The entire optimization procedure is summarized as follows:

New P/G Network Optimization Algorithm
1) Analyze network to obtain initial

, for .
2) Construct the minimum width constraints

(3), current density constraints (4),
equal width constraints (5), additional
constraints (17) using .

3) Minimize subject to constraints
(2), (4), (3), (5), and (17) by a se-
quence of linear programmings, record
the result as , begins from 1. If
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TABLE I
COMPARISON OF THENEW ALGORITHM AGAINST THE CONJUGATEGRADIENT METHOD

, perform line search
along the direction
until . Record the result
from the last iteration as .

4) Construct the minimum width and its
companion constraint (3), (5), and (10)
using for each branch.

5) Minimize objective function (9) subject
to the constraints (3), (5), (6), and
(10) by linear programming and record
the result as .

6) If , is the
termination criterion, then stop, oth-
erwise, set and goto step 2.

For the new P/G optimization algorithm, we have the following the-
oretical result.

Theorem 1: There exists a� so that step 3 always converges to the
global minimum in
. The proof of this theorem can be found in the
Appendix.

Although we show theoretically that giveng(Vk

l ) < g(Vk

l�1), we
can always find a� in step 3 such thatf(Vk

l ) < f(Vk

l�1). However, in
practice, it is not very efficient to find such a� by repeatedly decreasing
� and solvingP3 in case off(Vk

l ) � f(Vk

l�1). In our implementation,
we perform a one-dimensional line search to find the solution point.

Specifically, givenVk

l andVk

l�1, we define the search direction as
d
k

l = Vk

l �V
k

l�1. Line search finds an� 2 [0; 1] such that

f �d
k

l +V
k

l�1 < f V
k

l�1 (18)

�dk

l +V
k

l�1 becomes newVk

l for the next iteration. This can be ac-
complished by any line-search algorithm. In our implementation, the
golden section method [10] is used.

We note that a similar technique, calledsuccessive linear program-
ming[1], was first proposed by Griffith and Stewart to solve problems
in oil and chemical industries [10]. A similar idea was also used by
M. Sarrafzadehet al., to compute the best delay budget constraints for
timing-driven placement [13].

V. PRACTICAL CONSIDERATIONS ANDIMPLEMENTATION ISSUES

In this section, we describe some practical considerations on how to
apply the proposed method to optimize P/G networks in practice.

• Algorithm scalability . In practice, the number of linear program-
mings needed to reach the optimum solution is only a few. Thus,
the time complexity of our method is proportional to that of linear
programming. It is known that linear programs can be solved in
polynomial time using the interior point method [1]. This makes
our method very promising for optimizing very large P/G net-
works.

• Input data scaling. For practical P/G networks, the module cur-
rents are usually in the range of1�10�9 A. Branch currents and

branch voltages could become very small without using scaling.
This would cause some numerical problems for linear program
solvers. In our implementation, scaling is used.

• Converting power networks to ground networks. Power net-
works should be transferred into ground networks to further im-
prove the numerical stability. This is due to the fact that voltage
drops close to zero can be represented more precisely than the
voltage drops close to any other values. For example, the voltage
drop of 2:5 � 10�5 has to be represented by 4.999 975 if the
source voltage is 5 V. If we apply data scaling by multiplying105

to all the voltage drops,2:5� 10�5 become 2.5 which are more
linear-solver friendly than 4 999 975, as 499 975 can easily lead to
ill-conditions or round errors in solving linear equations. It can be
shown that a power network can be transferred into a ground net-
work by using the following transformation rules: 1) short-circuit
all the VDD pads to the ground and 2) inverse the directions of
all the independent current sources.

• Zero branch voltages. The branch voltagevi in objective func-
tion (11) can be zero or takes a very small numerical value. In
this case, we just simply ignore the branch (and its incident nodal
voltages and branch currents) in the objective function and all
the constraints. The corresponding branch will take the minimum
width after the optimization.

VI. EXPERIMENTAL RESULTS

A CAD tool for P/G network optimization has been developed based
on the proposed sequence-of-linear-programming method. For com-
parison, Chowdhury’s conjugate gradient method [8] has also been
carefully implemented.2 A set of P/G networks with ten to more than
ten thousand segments has been tested. All experiments are performed
on a Sun workstation with 296-MHz clock rate.

Table I compares the result of the new algorithm with that of the
conjugate gradient method. No equal width constraints are considered
here since Chowdhury’s conjugate gradient method cannot handle
these constraints well. In Table I, columns 1 to 3 list, respectively, the
P/G network name, the number of nodes in the P/G network (#node),
and the number of branches (#bch). Notice that the namepg100� 100
means that the circuit consists of 100 rows and 100 columns P/G
strips. So, the sizes of the circuits in terms of nodes are approximately
equal to# of rows � # of columns as shown in column 2. The
number of iterations (#iter) (solving P1-P2), CPU time in seconds
(CPU), and the reduced chip area of the original area in percentage
[area reduced(%)] are reported in columns 4–6 for the new algorithm
and columns 7–9 for the conjugate gradient method. For example, for
P/G networkpg20 � 20, the new method reduces the chip area used
by 90.6%, while the conjugate gradient method reduces the chip area
used by 85.3%. Note that the area improvement strongly depends on
the original layouts.

We have the following observations.

2In fact, our research was motivated by our initial attempt in applying the
conjugate gradient method for P/G network optimization in an industry setting.
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Fig. 3. Cost reduction with the number of iterations.

• For large P/G networkspg3�500,pg300�10, andpg100�100,
the conjugate gradient method finds solutions that use chip areas
much more than that of the new method.

• The new algorithm is orders of magnitude faster than the conju-
gate gradient method.

• We have observed that for all of the P/G networks tested, with one
iteration, the new algorithm is able to reduce most of the chip area
that can be reduced, i.e., finds a solution that is very close to the
optimum. Fig. 3 shows how the objective function decreases with
the number of iterations for an example network.

Analysis:

• Theoretically, both the conjugate gradient and the sequence-of-
linear-programming methods should converge to an optimal so-
lution. However, in practice, due to the numerical problem in-
herent in the conjugate gradient method, the conjugate directions
may deteriorate during the process of optimization such that the
algorithm gets stuck at a solution far away from the optimum. In
our implementation, we reinitialize the direction vector if no im-
provement can be made along the present direction. This process
is repeated until the reinitialized direction cannot further reduce
the cost function.

• The way the penalty function is constructed also affects the so-
lution quality of the conjugate gradient method. After solving
problemP2 for branch currents by linear programming, some
widths of the P/G segment may be reduced to a minimum value.
Those segments will lead to the infinite penalty cost and the infi-
nite conjugate direction vector. The whole process will stall after
only oneP1-P2 iteration. Therefore, it is hard for the conjugate
gradient method to find the optimal solution. As a remedy, in
our implementation, we slightly increase the required minimum
width value when solvingP2.

• In the experiments above, the restriction factor� is set to 0.85. Re-
call that the feasible region� for linear programP3 is controlled
by �. The closer� to 1, the smaller the region�, and the better
g(V) approximatesf(V). This implies that the total number of
linear programming iterations (solvingP1–P3) will increase, but
the chance to find the minimum solution of the original problem
increases. On the other hand, if we reduce� closer to 0, the fea-
sible region� of problemP3enlarges. Then, the linearized func-
tion g(V) may not be able to approximate the original function
f(V)well. As a result, the sequence of linear programmings may
converge to a solution with the cost higher than the optimum one.

Fig. 4. Number of linear programs versus�(xi).

Fig. 5. Final cost versus�(xi).

This observation has been confirmed by the experiment on the
example networkpg4 � 4 without using line search in step 3 as
shown in Figs. 4 and 5.

In addition to�, the number of linear programs inP3 also
depends on the initial solutions as shown in Fig. 1. But for the
given P/G networks, we find that it takes a few (less than 10)
linear programs to reach a solution for all the cases. Therefore,
the new algorithm converges very quickly.

Table II describes the results of applying the new algorithm to the
same set of P/G networks but with practical equal-width constraints.
Here, we require widths of all the wire segments along the same chain
to be equal. The number of such constraints, #eq-consts, is listed in the
second column for each network. Not surprisingly, we can see from
the table that the area reduced may not be as much as we can achieve
without equal-width constraints. In comparison to the instances without
equal-width constraints, the CPU time used can be more(pg100�100)
or less(pg300�10). The reason for using less CPU time (as in the case
of pg300�10) is due to the reduction of number of iterations in solving
P3, since a reduced search space is considered. The reason for more
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TABLE II
EXPERIMENTAL RESULTS OFRUNNING THE NEW ALGORITHM

WITH EQUAL WIDTH CONSTRAINTS

CPU time (as in the case ofpg100� 100) is due to more constraints in
each linear program and more CPU time for each iteration.

VII. CONCLUSION AND FUTURE WORK

A sequence-of-linear-programming-based method has been pro-
posed and implemented for determining the widths of wire segments
in a P/G network so that the chip area required by the P/G network
is minimized, while ensuringIR voltage drops and electromigration
constraints. We have shown theoretically that the new method is
capable of finding the solution as good as that by the best known
method based on conjugate gradient scheme. Experimental results
have demonstrated that the proposed method is orders of magnitude
faster than the best known method with constantlybetter quality
solutions.

In this work, we model P/G networks as resistor-only networks.
We notice that capacitive and inductive induced transient voltage
fluctuations are major concerns for P/G networks in current and future
technologies. However, we view our P/G optimization technique as
one essential step toward designing robust power delivery networks. It
was shown in [2] that transient voltage noise on some P/G segments
can be efficiently suppressed by adding decoupling capacitors (decaps)
around those P/G wires. Such a decap allocation scheme will make
the resulting P/G grids more like resistive networks as decaps serve as
low-pass filters. TheIR drops due to the dc components of the voltages
on the P/G networks and electromigration related current density
problems have to be addressed by wire sizing or topology changes.
Further work will be extended toward P/G network optimization with
capacitive and inductive parasitics driven by time-varying current
sources.

APPENDIX

Let f(x) be the objective function of problemP1 andg(x) be the
linearized version off(x). Consider an initial starting pointx0 and a
solution pointx found by solving LP problemP3.

Let � denote the feasible region of problemP3 defined by (2)–(4)
and (17). Since� is a function of restriction factor� defined in (17),
we also rewrite it as�(�).

We begin our proof by first proving the following lemma.
Lemma 1: For eachx0, there exists a� and a nonempty vicinity

�(�) of x0 such that ifg(x) < g(x0), x 2 �(�), thenf(x) < f(x0).
Proof: Let d = x � x0 be the moving direction. According to

the Taylor expansion, we have

f(x0 + �d) = f(x0) + �rf(x)d+ o(�) (19)

whereo(�) is a lower order infinity than�, i.e.

lim
�!0

o(�)

�
= 0:

Notice thatg(x) = g(x0) +rf(x0)(x � x0) andg(x) < g(x0) as
given by Lemma 1, so

g(x0)� g(x) = �rf(x0)(x� x0) > 0 (20)

rf(x0)(x� x0) =rf(x0)d < 0: (21)

Rewriting (19), we have

f(x0 + �d) = f(x0) + � rf(x)d+
o(�)

�
: (22)

It is easy to see that we can always select a small enough� such that

rf(x)d+
o(�)

�
< 0: (23)

Hence,

f(x0 + �d) < f(x0): (24)

As we can make� as close to one as possible, thus,jdj as small as
possible, we can always obtain a� so that� can be 1, i.e.,f(x0+d) <
f(x0). If � = 1, there still exists a nonzerod such thatg(x0 + d) <
g(x0). Therefore, it must follow thatf(x0 + d) < f(x0) as both
f(x) andg(x) are monotonically decreasing functions inx. Lemma 1
is proved.

Now, we are ready to prove Theorem 1.
Theorem 1: There exists a� so that step 3 always converges to the

global minimum in
.
Proof: For functionf(x) = n

i=1
(1=xi), the truncated linear

Taylor expansion aroundx0 is g(x) = n

i=1
((1=x0i) � (xi �

x0i)=(x
2
0i). According to Lemma 1, given an initial pointx0 = V

k

l ,
one can always find a nonempty vicinity ofx0, by increasing� close
enough to 1, such that minimizing the linear expansiong atVk

l+1 also
decreases the original functionf .

Hence, a decreasing sequenceff(Vk

1); f(V
k

2); . . . ; f(V
k

l )g is gen-
erated and guarantees to converge to a local minimum. Sincef(X) is a
convex function, the local minimum is also the global minimum, there-
fore, step 3 in the new algorithm will converge to the global minimum
in 
.
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Comments on “Handling Soft Modules in General
Nonslicing Floorplan Using Lagrangian Relaxation”

Teng-Sheng Moh and Tsu-Shuan Chang

The most important contribution in the above paper by Younget al.
[1] is that they devised an efficient method to compute the shapes of
soft modules to give the optimal packing, as described by the authors.
We would like to clarify a misunderstanding that occurred when the au-
thors referred to our paper [2] and stated, “However, all these methods
are limited to placement topology of rectangular dissection only, i.e.,
slicing.”1 The problem formulation in [2] uses the geometric figure
and, thus, can deal with both sliced and nonsliced floorplans. To our
best knowledge, using geometric programming to find a global optimal
size for modules in very large scale integration (VLSI) floorplanning
was first proposed in [3]. Since the primal problem of their paper falls
into the same mathematical format as that in [3], Younget al. should
have used [3] as a reference in their paper. We would like to take this
opportunity to explain how the geometric figure can be used for non-
sliced floorplans, and the relationship among several relevant papers.

Regarding the use of geometric figures for nonsliced floorplans, the
layout in Fig. 1 is used as an example, which is listed as Fig. 1b in
the paper by Younget al. [1]. For sake of consistency, the procedure
quoted in [2] will be briefly presented. A geometric figureGF[S;W ]
is an abstract representation of a partition in the (X, Y )-plane, where
S is a set of squares representing the cells, andW is a set of straight
lines representing the adjacency between cells. In the geometric figure,
the enclosure boundarybnd is represented by four small circles rep-
resenting the four sides ofbnd. These four sides are labeledbndB ,
bndT , bndR, andbndL which are placed counterintuitively at the top,
bottom, left, and right sides of the geometric figure. For eachs 2 S,
let sL, sR, sT , andsB represent the left, right, top, and bottom sides
of s. For everys andt 2 S, (sT ; tB) 2 W is a straight line from the
top side of squares to the bottom side of squaret. Similarly, (sR, tL)
is a straight line from the right side of squares to the left side of square
t. Furthermore, a straight line (sT , bndB) is added toW from the top
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1The floorplan in [2] is called either a sliced or nonsliced floorplan.

Fig. 1. Given partition.

of each squares which lies on the top end of the geometric figure to
bndB . Similarly, (sR, bndL), (bndT , sB ), and (bndR, sL) are added
to W for each squares lying on the right, bottom, and left end of the
geometric figure. Clearly, straight lines inW are either in forms of (sT ,
tB), called vertical straight line, or (sR, tL), called horizontal straight
line, for somes andt in eitherS or bnd.

By following the procedure, we can obtain the corresponding geo-
metric figure shown in Fig. 2 from the partition of Fig. 1. Comparing
Fig. 2 with the original partition in Fig. 1, we can see that the geometric
figure is applicable to both sliced and nonsliced floorplans. Although
our previous paper [2] stated in the first sentence of the Conclusion
“A general nonsliced floorplanning problem has been discussed in this
paper,” the numerical examples used are all sliced floorplans. We prob-
ably should at least present one nonsliced floorplan such as this one
among our examples to avoid any confusion.

Once the geometric figure of the partition is obtained, we can as-
signX andY variables according to the procedure described in [2].
Intuitively, all of the horizontal straight lines are assigned as the same
variable if they are linked together, such asx2. OnceX andY vari-
ables are given, we can getX- andY -graphs, which are used to derive
inequality constraints to preserve partition. The correspondingX- and
Y -graphs are given in Fig. 3. TheX-graph is obtained from left to
right. Intuitively, an arrow is at least added fromxi to xj , if there is a
cell betweenxi andxj . Thus, the arrow fromxi to xj means that we
have the adjacency inequality constraintxi � xj , such as from Fig. 3

x3 � x2 and y1 � y2: (1)

Note that there are redundant inequalities from theX- andY -graphs.
Thus, the number of such constraints can be reduced.

Let us now clarify the contribution of some relevant papers. The
problem dealt in [2] is derived from that in [4]. When there is no aspect
ratio, the approach in [4] can produce an optimal solution with zero
wasted areas, although sometimes the solution does not exactly match
the given partition that is mentioned in [2]. The approach in [4] cannot
deal with a problem with aspect ratio. In [2], a global optimal solution
was found by using geometric programming, which preserves the par-
tition and satisfies the aspect ratio for each cell.

As mentioned, using geometric programming to find a global op-
timal size for modules in VLSI floorplanning was first published in [3].
However, that original problem formulation was not designed to pre-
serve a given partition, and the aspect ratio was not taken into account
explicitly. To deal with such a problem in [2], the original problem was
successfully reformulated in a higher dimension and solved to obtain
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