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Abstract—Symbolic analysis has many applications in the of product terms in a symbolic expression may increase expo-
design of analog circuits. Existing approaches rely on two forms nentially with the size of a circuit. For example, for a BICMOS
of symbolic-expression representation: expanded sum-of-product gylifier that has about 15 nodes and 25 devices (transistors,
form and arbitrarily nested form. Expanded form suffers the diod ist d it the det inant of the circuit
problem that the number of product terms grows exponentially 10 _es' re5|§ ors, and capacitors), the determinant o e_c'rcu'
with the size of a circuit. Nested form is neither canonical nor Matrix contains more than 10product terms [47]. Any manip-
amenable to symbolic manipulation. In this paper, we present ulation and evaluation of sum-of-product-based symbolic ex-
a new approach to exact and canonical symbolic analysis by pressions will require CPU time, at best, linear in the number

exploiting the sparsityand sharing of product terms. It CONsists 4t tarmg and, therefore, have both time and space complexities
of representing the symbolic determinant of a circuit matrix by ) ! L
exponential in the size of a circuit.

a graph—called a determinant decision diagram (DDD)—and . o .
performing symbolic analysis by graph manipulations. We To cope with large analog circuits, modern symbolic ana-
show that DDD construction, as well as many symbolic analysis lyzers rely on two techniques—hierarchical decomposition and

algorithms, takes time almost linear in the number of DDD symbolic simplification. Hierarchical decomposition generates
vertices. We describe an efficient DDD-vertex-ordering heuristic symbolic expressions in the nested instead of expanded form

and prove that it is optimum for ladder-structured circuits. For L L - L
practical analog circuits, the numbers of DDD vertices are several [23], [24], [40]. Symbolic simplification discards those insignif-

orders of magnitude less than the numbers of product terms. The icantterms based on the relative magnitudes of symbolic param-
algorithms have been implemented and compared respectively eters and the frequency defined at some nominal design points

to symbolic analyzers ISAAC and Maple-V in generating the or over some ranges. It can be performed before/during the gen-
expanded sum-of-product expres_sions, an®CAPPIn generating eration of symbolic terms [25], [37], [45], [51] or after the gen-
the nested sequences of expressions. . O .
eration [17], [21], [47]. Exploitation of these techniques has en-
Index Terms—Analog symbolic analysis, circuit simulation, de- apled the use of symbolic simulators in several university re-
terminant decision diagrams (DDD’s), symbolic matrix determi-  go5.ch projects [9], [19], [21], [50]; however, both techniques
nant, zero-suppressed binary decision diagram (ZBDD). have some major deficiencies. Symbolic manipulation (other
than numerical evaluation) of a nested expression usually re-
|. INTRODUCTION quires complicated and time-consuming procedures; e.g., sen-
YMBOLIC analysis calculates the behavior or characte?—itivity calculation in [2.7] and Iazy' approximation in [3.7].' On
stic of a circuit in terms of symbolic parameters. In cont—he other hand, S'”_‘p"f'eo' expressions only have a S“ﬁ'c'e’?t ac-
trast to numerical simulators such@BICE[32] that only pro- curacy at some points or.fr{-:quency_ ranges. Even worse, S'”.‘p"'
Jfication often loses certain information, such as sensitivity with

vide numerical results, symbolic simulators can explicitly e £ ” hich i ial for circuit optimizati
press which circuit parameters determine the circuit behavibroPect 10 parasitics, which 1S crucial for circuit optimization
d testability analysis.

They can offer more advantages than numerical simulators"’mI thi i ht i boli
many applications such as optimum topology selection, desi " (IS paper, we present a hew approach to exact Symoolic
alysis, which is capable of analyzing analog integrated cir-

space exploration, behavioral model generation, and fault de-

tection; these have been summarized and illustrated by a recceLH s substantially larger than those previously handled. Our ap-
survey’paper of Gieleat al. [22] proach is based on two observations concerning symbolic anal-

Despite its advantages, symbolic analysis has not been wid¥iis of large analog circuits: 1) the circuit matrix is sparse and 2)

used by analog designers and was once judged as completeld mbolic expression often shares many subexpressions. Under

efficient [28]. The root of the difficulty is apparent: the numbe he assumption that a_II the matrix elements are d|st|nct,_each
product term can be viewed as a subset of all the symbolic pa-

rameters. Therefore, we adapt a special data structure called
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forms of a symbolic expression. First, similar to the nested form, {{v1v2},{vl,v3,v5},{v3,v4,v5}}
our representation is compact for a large class of analog circuits.

A ladder-structured network can be represented by a diagram a vertex

with the number of vertices (called is&z€ equal to the number

of symbolic parameters. As indicated by our experiments, the {(v2),{v3.v5}) TS o ({v3vavS))
size of a DDD is usually dramatically smaller than the number 3

of product terms. For example, 5.71 x22@erms can be rep-
resented by a diagram with 398 vertices. Second, similar to the
expanded form, our representation is canonical; i.e., every de-
terminant has anique DDD representation. The representation
canonicity facilitates efficient symbolic analysis and may pro-
vide a potential tool to formally verify analog circuits. Finally,
derivation, manipulation and evaluation of the DDD represen-
tations of symbolic determinants have time complexity propor-
tional to the DDD sizes.

This paper is organized as follows: Section Il introduces the
background and basic notation for the rest of the paper. Sec-
tion 11l presents the notion of determinant decision diagrams
as an application of ZBDD’s to represent symbolic determi-
nants. Section IV describes an effective heuristic for ordering {{h {
DDD vertices so that the resulting DDD has a smallest or near-
smallest size. DDD-based algorithms for symbolic analysis and vertex 1 vertex 0
applications are described in Section V. Experimental results are
presented in Section VI. The proposed approach is compared to (a)
some related work in Section VII. Section VIII concludes the !

paper.
(2)

II. NOTATIONS AND PROBLEM STATEMENT \‘ {{v3,v4,v5}}
Inthis section, we introduce some basic notation and concepts n —_—
\
(b)

{{v3,v4,v5}}

WP

that will be used in the rest of the paper. Since these come from
several different research areas, an attempt has been made to
choose a self-consistent set of notations.

{{v3,v4,v5}}
/ |

A

A. Subset Systems and ZBDD's Fig. 1. (a) A ZBDD example and (b) an illustration of the zero-suppression
Let V be asetof elements. The number of elementsliris  "ule.
called thecardinalityof V', denoted byV|. The set of alsubsets
of V is called thepower sebf V, denoted by2"". A subsetX the O-terminal. This is illustrated in Fig. 1(b) for decomposing
of the power set, written a% C 2V, is called asubset system X = {{vs, vs, v5}} With respect ta». To make the diagram
of V. compact, Minato suggested the followingro-suppressiorule
A subset systenX of V' can be decomposed with respector representing sets gparsesubsets: eliminate all the vertices
to an element in V into two unique subset system¥,, and whose 1-edges point to the O-terminal vertex and use the sub-
X%, where X, is the set of subsets df belonging toX that graphs of the 0-edges, as shown in Fig. 1(b) [29]. A ZBDD is
containv, from whichv has been removed, and; is the set such azero-suppressed graph with the following two rules due to
of subsets ol belonging toX that do not contain. For in- Bryant [4]: ordered—all elements oV, if one appears, will ap-
stance, letX = {{v, vo}, {v1, vs, vs}, {vs, va, vs}}. Then pearinafixedorderin all the paths of the graph; ahdred—alll
we haveX,, = {{v2}, {vs, vs}}, and X5, = {{vs, v4, vs}}. equivalent subgraphs are shared. ZBDD's are a canonical rep-
This decomposition can be represented graphically by a demisentation of subset systems; i.e., every subset system has a
sionvertex It is labeled by, and represents the subset systemmique ZBDD representation under a given vertex ordering. For
X. Asillustrated in Fig. 1(a), the vertex has two outgoing edgesxample, Fig. 1(a) is a unique ZBDD representation for the
one points taX,,, (called1-edgg, and the other td(;, (called subset systeni{vy, v2}, {v1, v3, vs}, {vs, va, vs}} with re-
0-edgé. We say that the edges avdginatedfrom the vertex. spectto ordering, v2, v4, v3 andws. FOr convenience, every
If X isrecursively decomposed with respect to all the elemementerminal vertex is indexed by an integer number greater than
of V, one obtains a binary decision tree whose leaves are {{}hose of its descendant vertices [29]. The process of assigning
and {}, respectively. For convenience, we denote leaf {{}} byindexes to the nonterminal vertices is callerttex ordering
the 1-terminal, and {} by the O-terminal. A path from a nonterminal vertex to the 1-terminal is called
When a subset systerk is decomposed with respect to arll-path It defines a subset df . The subset consists of all the
element that does not appear A, then its 1-edge points to elements oV from which the 1-edges in the 1-path originate. A
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1-path from the root is sooted1-path. The number of verticesWe note that the following two special cases of the expansion

in a ZBDD is called itssize above are well known asaplace expansionalong rowr and
columng, respectively

B. Matrix, Determinant, and Cofactors

Lete = {1, ---, n} be a set of integers. Let denote a set det(A) = Z ar, (—1)" T det(A,,. ) (3)
of m elements, calledymbolic parametersr simply symbols r=1
{ay, -+, am }, Wherel < m < n? and each symbol is labeled
by a unique paifr, ¢), wherer € ecandc € e. Often, we writed n
as am xn (square)natrix, denoted by4, and use,. . to denote det(A) = Z ar, o(—1)"T°det(A,, ). 4
the element of matri¥d at rowr and columre. We sometimes =1

user(a) andc(a) to denote, respectively, the row and column

indexes of element C. Symbolic Analysis Problem of Analog Circuits

41,1 4,2 0 QLn Consider a linear(ized) time-invariant analog circuit. Its
A= | %21 422 - G2a | system of equations can be formulated by, for example, the
modified nodal analysis (MNA) approach in the following
an,1 Gn,2 """ Qn,n general form [44]:
If m = n? the matrix is said to b&ll. If m < n? the matrix is Tr —w. (5)
said to besparse Thedeterminanof A, denoted bylet(A), is
defined by Thecircuit unknown vectog € R™ may be composed of node
voltages and branch currents, andthreuit matrix7°(): R™ —
01,1 G2 0 OLn R™" js a largesparsesymbolic matrix, typically with just a
a2,1 @G22 " OG2n few nonzero entries per row/column.
Symbolic analysis of analog circuits can be stated as the
@n,1 On,2 """ Onym problem of solving the systems of symbolic equation (5), i.e.,
= Z (=1 -a1,j, -a2,j, - an,j,. (1) deriving the closed-form expression of a circuit unknown in
I FEJa R Ay terms of symbolic parameters i and symbolic excitations
expressed bw. According to Cramer’s rule, thieth component
Here ; ; .
o . . x;. Of the unknown vecto# is obtained as follows:
(j1, J2, -+, Jn) permutation ofe;
p number of permutations needed to make ” ‘
the sequencéjy, jz, - -, j») Monotoni- > wi(=1) " det(Ty, )
cally increasing. o = =t (6)
The right-hand side of (1) is a symbolic expressionlef(A) det(T)

in theexpandedorm, more precisely, thgum-of-productorm,  \;ost symbolic simulators are targeted at finding various net-
where eacltermis an algebraic product of symbolic parame- \yqri functions, each function being defined as the ratio of an

ters. We note that each symbol can be assigned areal orcom@%ut unknown from: to an input fromw. These are special

value for analog circuit simulation. cases of (6) or the ratios of the two expressions in the form of
Letp, p C e, andg, ¢ C e such thatp| = |¢|. The square (6).

matrix obtained from the matrixd by deleting those rows not = ‘gt that(—1)+* det (T,
in p and columns not i forms asubmatrixof A, and is repre- '
sented byA(p, ¢). It has dimensionp| by |q.

. +)in(6) is the cofactor oflet ()

with respect to elemert ; of matrix 7" at row¢ and column

k. Therefore, the central issue in determinant-based symbolic
Letay, . be the element ol atrowr and columre. LetA,, . analysis is how to find symbolic expressionsief(T) and the

be the(n — 1) x (n — 1)-matrix obtained from the matrid by ctactors ofdet(T). In the rest of the paper, we focus on how

deleting rowr and columrr, and letAg, , be then x n-matrix (4 represent a symbolic determinant (Sections Il and V), and

obtained fromA by settinga,, . = 0. Then, the determinant of pq,y 15 compute, manipulate, and evaluate a symbolic determi-

matrix A can beexpandedn a way similar to Shannon expan-nant (section V). For simplicity, we assume in the paper that all

sion for Boolean functions [g] the entries irll” are distinct. This assumption has been used in

e previous symbolic analysis approaches; methods have been pro-
det(A) = ar, (1) det(4, ) + det(4z, ) (2) posed to formulate the symbolic equations to meet (or closely
meet) this assumption [21], [44].

where
(—1)"t°det(A,, ) referred to as theofactor of
det(A) with respect tau, .; lll. ZBDD REPRESDENTATION OFSYMBOLIC MATRIX
det(Ag, ) remainderof det(A) with re- ETERMINANT
spect toa,. .; In this section, we apply the notation of ZBDD’s to represent
determinantlet(A,, .) minor of det(A) with respect a symbolic matrix determinant. This leads to a new interpreted

to ay .. graph called DDD’s. DDD'’s are a canonical representation for
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matrix determinants, similar to BDD's for representipigary 1 edge

functionsand ZBDD'’s for representingubset systems

A key observation is that the circuit matrix is sparse, and
many times, a symbolic expression may share many subexpres
sions. For example, consider the following determinant:

0 edge

a b 0 0
det(M) = | ¢ ? ; 2 — adgj—adhi—ac fi—bcgj+chih.
00 i j

)

We note that subtermsl, ¢j, andh: appear in several product
terms, and each product term involves a subset (four) out of
ten symbolic parameters. Therefore, we view each symbolic
product term as a subset, and use a ZBDD to represent thi
subset system composed of all the subsets each correspondir
to a product term. Fig. 2 illustrates the corresponding ZBDD
representing all the subsets involvedlist (M) under ordering
a>c>b>d>f>e>g>49>h>j. ltcan be seen that
subtermsud, gj, and:h have been shared in the ZBDD repre-
sentation. Fig. 2. A ZBDD representing{adgj, adhi, afej, chgj, cbih} under

Following directly from the properties of ZBDD's, weorderinge > ¢ >b>d>f>e>g>i>h>j.
have the following observations. First, given a fixed order of
symbolic parameters, all the subsets in a symbolic determinant
can be represented uniquely by a ZBDD. Second, every rooted
1-path in the ZBDD corresponds to a product term, and the
number of 1-edges in any rooted 1-patisThe total number
of rooted 1-paths is equal to the number of product terms in a {

wherer(z) andc(x) refer to the absolute row and column
indexes of vertexr in the original matrix, and: is an
integer so that

. 1, if u>0,
symbolic determinant. sign(u) = —1, ifu<O.

We can view the resulting ZBDD as a graphical representa-
tion of recursive application of determinant expansion formula 2) If v has an edge pointing to the 1-terminal vertex, then
(2) with the expansion ordet, ¢, b, d, f, e, g, %, h, 7. Each s(v) = +1.
vertex is labeled with a matrix entry, and represents all the Sufhis is called thesign rule For example, in Fig. 3, shown aside
sets contained in the corresponding submatrix determinant. Tfyeeach vertex are the row and column indexes of that vertex in
1-edge points to the vertex representing all the subsets contaigigdoriginal matrix, as well as the sign of that vertex obtained
in the cofactor of the current expansion, and 0-edge points to #igusing the sign rule above. We note that all the paths rooted at
vertex representing all the subsets contained in the remaindghe same vertex yield the same vertex sign.

To embed the signs of the product terms of a symbolic de-|t can be verified that the product of all the signs in a rooted
terminant into its corresponding ZBDD, we consider one step path is exactly the sign of the corresponding product term.
of matrix expansion with respect tg. . as defined by (2). The For example, consider the 1-pattbgik in Fig. 3. The vertices
signis(—1)"*<. Note that- andc are, respectively, the row andhat originate all the 1-edges aseb, i, h, their corresponding
column indexes of the element, .. in the submatrix before this signs are-, +, -, and +, respectively. Their product is +. This is
step of expansion, sa¥' . Let theabsoluterow and column in- the sign of the symbolic product terahih.
dexes of the element, . in the original matrixA before any  wjith ZBDD’s and the sign rule as two foundations, we are
expansion be-(ar,.) andc(a,, ), respectively. Then, we ob- nhow ready to introduce formally our representation of a sym-
serve tha{—1)"+¢ = (~1)"**~? andr + ¢ — 2 is equal to the polic determinant. Letd be ann x n sparse matrix with a
number of rows ind’ with absolute indexes less thafu,. .) set of distinctm symbolic parameter§as, - - -, a,,}, where
plus the number of columns A’ with absolute indexes less | < m < n2. Each symbolic parameter, is associated with
thanc(a,., .). We also note that all the rows and columnsdh 5 unique pair-(a;) andc(a;), which denote, respectively, the
except that of,. . are represented in the subgraph rooted at thgy index and column index af;. A DDD is a signed, rooted,
vertex pointed to by the 1-edge of vertex .. Therefore, the directed, acyclic graph with two terminal vertices, namely the
sign of a nonterminal vertex, denoted by(v), can be defined o-terminal vertex and the 1-terminal vertex. Each nonterminal

recursively as follows. vertex is labeled with a symbolic parametgand the sign(a;)
1) Let P(v) be the set of ZBDD vertices that originate theletermined by the sign rule defined by (8). It has two outgoing
1-edges in any 1-path rootedwatThen edges, called 1-edge and 0-edge. A vertex labeleg; ngpre-

sents a matrix determinai defined recursively as follows.
s(v) = H sign(r(z) — r(v))sign(c(z) — c(v))  (8) 1) If the vertex is the 1-terminal vertex, théh= 1.
2CP(v) 2) If the vertex is the O-terminal vertex, théh= 0.
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Fig. 3. A signed ZBDD for representing symbolic terms. Fig. 4.

3) If the vertex is a nonterminal vertex, theb =
a;s(a;)D,, + Dg,, where D,, (Dgz,) is the matrix
determmant represented by the vertex that was pointed
to by the 1-edge (0-edge) of the vertex labeled:hy

Note thats(a;)D,, is thecofactorof D with respect taz;, D,,

is theminor of D with respect tay;, Dg, is theremainderof D

with respect taz;, and operations are algebraic multiplications
and additions. For example, Fig. 4 shows the DDD representa:
tion of det(M) under orderingt > c¢>b>d> f>e> g >
i>h > j.

To enforce the uniqueness and compactness of the DDD rep
resentation, the three rules of ZBDD's, namely, zero-suppres-
sion, ordered, and shared, described in Section II-A are adoptec
This leads to DDD’s having the following properties.

» Every 1-path from the root corresponds to a product term
in the fully expanded symbolic expression. It contains ex-
actly n 1-edges. The number of 1-paths from the root is

equal to the number of product terms. 1 0
» For any determinanb, there is a unique DDD represen-
tation under a given vertex ordering. Fig. 5. DDD representindet(M) under orderingt > ¢ > d > f > g >

We use |DDD]| to denote thgize ofa DDD, i.e., the number of # > b > ¢ > i > j.
vertices in the DDD.
We propose to select the vertex ordering for a DDD by ex-
amining the structure of the original matrix. Suppose thas
ann x n matrix with/m nonzero elements (entries, or symbols).
A key problem in many decision diagram applications is howhe vertex-ordering problem is how l@bel all the nonzero el-
to select a vertex ordering, since the size of the resulting decisements in4 using integers one ta so that the resulting DDD
diagram strongly depends on the chosen ordering. For examplenstructed with the chosen order has a small size. As stated in
if we choose vertexordetr > ¢ > d > f > g > h > b > Sectionll-A, those elements labeled by smaller integers will ap-
e > i > j for det(M) in Section lll, then the resulting DDD pear close to the leaves, or the bottom of the DDD, and the root
is shown in Fig. 5. It has 13 vertices, in comparison to ten is labeled by indexn.
Fig. 4, although they represent the same determinant. In thidMe propose a vertex-ordering heuristic, based on the re-
section, we describe an efficient heuristic for selecting a gofidement of a well-known strategy for Laplace expansion of
vertex ordering, and show that it is optimal for a class of circuét sparse matrix [21]. The basic idea is to label with larger
matrices. indexes those columns or rows containing fewer nonzero

IV. AN EFFECTIVE VERTEX-ORDERING HEURISTIC



6 IEEE TRANSACTIONS ON COMPUTER-AIDED DESIGN OF INTEGRATED CIRCUITS AND SYSTEMS, VOL. 19, NO. 1, JANUARY 2000

MATRIX_GREEDY _LABELING(A(p, q)) a b 0 0

1 select column j (row ¢} that has least nonzero elements c d e 0

2 5 ¢ all the rows 7 (columns §) so that a;; # 0 0 f g h

3 for all row ¢ (column j7) in s from the one with least nonzero elements 0 0 i j

4 if there exist unlabeled elements in A{p — {i},q - {j})

5 MaTRIX_GREEDY_LABELING(A(p — {i},¢ — {j}) /\

6  for all row ¢ (column j) in s from the one with most nonzero elements

7 if a; ; has not been labeled d e O b 0 0
8 label a;; by k and then increment k a9 f g h DN fF gk

0 i j 0 i j

Fig. 6. A DDD vertex-ordering heuristic. /\ *
elements. Elements in those dense rows and columns will be ;0 ( g h ) £ ( e 0 ) o ( 9 h )
labeled using small indexes. Intuitively, this strategy increases vJ v vl
the possibility of DDD subgraph sharing. Fig. 6 describes the /\ {

proposed heuristic WMrRIX_GREEDY_LABELING (A(p, ¢)) for

labeling all the elements in matrid(p, ¢). In the algorithm, g i (R™) e® ;M)

A(p — {i}, ¢ — {4 }) denotes the matrix obtained fraf(p, q)
by removing row: and column;. We keep a global countér.
Initially & is setto 1, angh = ¢ = e.

As an example, consider how to  applylThe numberof nonzero elementsdn, .41 is3n+ 1. Matrix
MATRIX_GREEDY_LABELING to label the matrixM defined in M used throughout this paper isla< 4 tridiagonal matrix.
Section Ill. The complete process is illustrated in Fig. 7. First, To show that the algorithm NrRIX_GREEDY_LABELING
columns 1 and 4 oM, as well as rows 1 and 4, have the leagtields an optimum ordering, we note that the lower bound on
number of nonzero elements (2). We arbitrarily select colunthe number of DDD vertices is equal to the number of matrix
1. Then the set of rows that have a nonzero element at columertries, i.e., each vertex appears only once in the final DDD.
are one and two, i.es,= {1, 2}. Since row 1 has one nonzeroWe will show that, for tridiagonal matrices, the ordering given
element, and row 2 has two nonzero elements, lines 3-5 invdke MATRIX_GREEDY_LABELING results in a DDD with the
first MATRIX _GREEDY_LABELING on matrixM after removing number of vertices equal to the number of nonzero matrix
row 1 and column 1, then on matriM after removing row elements. This is proved by induction. It is easy to see that
2 and column 1. The process is applied recursively on thige result is true forl x 1 and 2 x 2 matrices. Now we
resulting submatrices, and is illustrated in Fig. 7 from the togssume that it is true fod, ., i.e., the number of DDD
to the bottom. Then, elements are labeled in the Fig. 7 frovertices is3n — 2. We prove that it is also true fof,, 41 ny1:
the bottom to the top in the reverse order of expansion. Thebe number of DDD vertices i8(n + 1) — 2. Let vertex
labels are marked in Fig. 7 at the top-right corner of eadd, 1 »,—1 represent the DDD oflet(4, 1,,—1) and D,, ,,
element. If we summarize all the labels assigned to the matrpresent the DDD oflet(A,, ,,). Matrix A, 41,,+1 has an
elements using the original matrix structure, we have extra row and column with three nonzero elemenis:, .41,
an,ntt, aNda, 11 . Algorithm MATRIX_GREEDY_LABELING

Fig. 7. Anillustration of DDD vertex-ordering heuristic.

“ 2 0 8 190 ? 9 8 assigns integer label3n + 1, 3n and 3n — 1 to elements
¢ ¢ - 0 Unt1 ntls On.ntl, and anq1 n, respectively. This gives
0 f g h 0 6 4 2 orderinga, i1 ni1 > a > a > an . We, thus

0 0 i J 0 0 3 1 g n+1,n+1 n, n+1 n+1l,n n,n-. ’ ’

first create a DDD vertex labeled by,y1 1. Its 1-edge
The heuristic leads to compact DDD’s for a large class of cipoints to vertexD,, ,,, and its 0-edge points to the vertex that
cuit matrices, as observed in our experiments described in Segfresponds te., 1. The 0-edge of vertex,, 1 points to
tion VI. In the rest of this section, we show that the heuristithe O-terminal. Its 1-edge points to the vertex that represents
is optimal for a class of circuit matrices, callgd@liagonal ma- the determinant of matrid,: ,4+1 after removing the first
trices Tridiagonal matrices are matrices that have only nonzecolumn and the second row. Since the first row in the resulting
elements at positiong, ¢), (¢ —1, 4), and(i 41, ¢). They have matrix contains only one nonzero element, ,,, we can
the structure as shown in (8a), found at the bottom of the pageeate a DDD vertex fot,1 , with its 1-edge pointing to

Ap+1,n+1 On+l,n 0 0
An, n41 An,n An,n—1 0 0
0 An—1,n On-1,n—1 An—1,n—2 0 M 0
Anyi ny1 = 0 0 (8a)
0 e 0 as, 4 az 3z azz2 O
0 : 0 a2z G622 G21
0 0 a2 a1
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Aniinel We emphasize that just like the BDD representation for
Boolean functions, in the worst case, the number of DDD
vertices can grow exponentially with the size of a circuit.

Nevertheless, as we have observed (in Section VI) that with the
proposed vertex-ordering heuristic, the numbers of vertices in
the resulting DDD’s are reasonable for practical analog circuits.

V. MANIPULATION AND CONSTRUCTION OFDETERMINANT
DECISION DIAGRAMS

In this section, we show that, using determinant decision di-
agrams, algorithms needed for symbolic analysis and its appli-
cations can be performed with the time complexity proportional
to the size of the diagrams being manipulateat,the number
of rooted 1-paths in the diagrams, i.e., product terms in the
symbolic expressionsHence, as long as the determinants of
interest can be represented by reasonably small graphs, our al-
Fig. 8. Anillustration of DDD construction for tridiagonal matrices. gorithms are quite efficient.

) o . . A basic set of operations on matrix determinants is summa-
Dy—1,n-1, and its 0-edge pointing to the O-terminal. Thig;;eq in Taple 1. Most operations are simple extensions of subset
is illustrated in Fig. 8. Only three vertices are added fQfyerations introduced by Minato on ZBDD's [29]. These few
representingd;.+1, n+1. The total number of DDD vertices for jaqie operations can be used directly and/or combined to per-
_A"+1:"+1 is, thus3n — 243 = 3(n + 1) — 2. Our conjecture form a wide variety of operations needed for symbolic analysis.
is, therefore, proved. . _ In this section, we first describe these operations, and then use

We have proved that for tridiagonal matd;, ., the number ,, oy ample to illustrate the main ideas of these operations and
of DDD vertices is3n — 2. As a comparison, the number of,,; they can be applied to compute network function sensi-
expanded product terms det(Ay,, ) i F(n + 1), whereF'(i) i itiesa key operation needed in optimization and testability

is the4th Fibonacci number defined by analysis. We also show that the generation of significant product
Fn)=Fn—-1)+Fn-2) n>2 terms can be casted as thshortest path problem in a DDD and
F(2)=F(1) =1. solved elegantly in tim&(% - |IDDD)).

Each product term involves symbols. To store all the product
terms without considering sharing, the memory requirement
proportional ton/'(n + 1). Further, any symbolic manipulation We summarize the implementation of these operations
using the expended form would have time complexity at beist Fig. 11. For the clarity of the description, the steps for
proportional tonF'(n + 1). In Fig. 9, the number of DDD ver- computing the signs associated with DDD vertices, using the
tices is plotted against the number of product terms. sign rule defined in Section Ill, are not shown.

The practical relevance of tridiagonal matrices is that they As the basis of implementation, we employ two techniques
correspond to the circuit matrices for ladder networks—an inoriginally developed by Brace, Rudell and Bryant for imple-
portant class of circuit structures in analog design. A three-seunenting decision diagrams efficiently [7]. First, a basic proce-
tion ladder circuit is shown in Fig. 10. The system of equatiorture GTVERTEX(top, D1, Dy) is to generate (or copy) a vertex
can be formulated as shown in (9) at the bottom of the pader a symboltop and two subgraph®; and Dy. In the proce-

If we view each entry as a distinct symbolic parameter, the rdure, a hash table is used to keep each vertex unique; vertex
sulting circuit matrix is a tridiagonal matrix. We note that manglimination and sharing are managed mainly byTGERTEX.
practical circuits have the structure of ladders or close to lad/ith GETVERTEX, all the major operations for DDD’s in Table

% Implementation of Basic Operations

ders. | are described in Fig. 11.

1 1 0 0
Ry Ry
1 1 N 1 N 1 1 0 U1 Iin
Ry Ry Ry R3 R3 V2 _ 0 (9)
0 1 1 N 1 N 1 1 wl T o

Rg Rg R4 R;) R;) V4 0

1 1 1

0 0 —+ =

"R Rs; ' Rg
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5 #Product-Terms
1| @#Product-Terms) x n.

2 7| ¥DDDVertices

0 10 20 30

Fig. 9. A comparison of DDD sizes versus numbers of product terms for tridiagonal matrices.

TABLE |

SUMMARY OF BAsIC OPERATIONS
Determinant operation Result Subset operation
VERTEXONE() return 1 Base()
VERTEXZERO() return 0 Empty()
COFACTOR(D, s) return the cofactor of D wrt s Subset1(D, s)
REMAINDER(D, s) return the remainder of D wrt s Subset0(D, s)
MuLtipLy(D, s) return s X D Change(D, 5)

TERMSUBTRACT(D, P) return D — P where P is a product term in D Diff(D, P)
DDD_oF_MATRIX(A) construct the DDD for matrix A

EVALUATE(D) return the numerical value of D
1 R B3 By parameters, WLUATE (D) computes the numerical value of the
,_E — corresponding matrix determinantvA&£ UATE (D) naturally ex-
@ 0 - R ploits subexpression shgring i.n a symbolic exprgssion, and has
time complexity (almosthnear in the size of the diagram.
lin | Construction: Let A(e, ¢) be ann-by-n symbolic matrix,
- wherec is a set of integers from one to DDD_OF MATRIX
Fig. 10. A three-section ladder circuit. (A(p, q)) constructs a determinant decision diagram of a sub-

matrix of A with row setp C ¢ and column sef C e such that

Second, similar to conventional BDD's, we use a cache to r] = || for a given ordering of symbolic parameters. It can be
member the results of recent operations, and refer to the ca¥ifdved as a generalized Laplace expansion procedure of matrix
for every recursive call. In this way, we can avoid duplicate esdeterminants. In line 3 of the procedure DD&F_MATRIX, &
ecutions for equivalent subgraphs. This enables us to exedi@@zero elementis selected, and the determinant is expanded.
these operations in a time that is (almost) linearly proportionBue to the canonicity of DDD’ss can be any nonzero matrix
to the size of a graph. element, and the resulting DDD is always the same. However,

Evaluation: Given a determinant decision diagram rooted 4fie best expansion order is to use the element with the largest
a vertexD and a set of numerical values for all the symboliénteger label in line 3 of the procedure DDBE_MATRIX.
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COFACTOR(D, s)

1 if (D.top < s) return VERTEXZERO()

2 if (D.top = s) return D,

3 if (D.top > s) return GETVERTEX(D .top, COFACTOR(Dy, s), COFACTOR(Dn, s))

REMAINDER(D, s
1 if (Ditop<s
2 if(Dtop=s
3 if (D.top > s

return D
return Dj
return GETVERTEX(D.top, REMAINDER({Dy, s), REMAINDER(D), s))

MuLTIPLY(D, 5)

1 if (D.top < s) return GETVERTEX(s,0, D)

2 if (D.top = s) return GETVERTEX(s, D1, Dp)

3 if (D.top > s) return GETVERTEX(D.top, MULTIPLY(Dy, s), MULTIPLY(D}y, 5))

TERMSUBTRACT(D, P)
if (D = 0) return VERTEXZERO()
if (P =0) return D
if (D = P) return VERTEXZERO()
if (D.top > P.top) return GETVERTEX(D.top, TERMSUBTRACT(Dy, P), D1)
if (D.top < P.top) return TERMSUBTRACT(D, ) '
if (D.top = P.top)
return GETVERTEX(D.top, TERMSUBTRACT(Dy, Py), TERMSUBTRACT(D;, P1))

S TR WD

DDD_or_MATRIX(A(p, q))

1 if (A = 0) return VertexZero()

2 if (A =1) return VertexOne()

3 let s be a nonzero element at row ¢ and column j of A

4 return GETVERTEX(s, DDD_oF MAatrIX(A(p — {i},¢ — {j})), DDD_OF_MATRIX(A|s=0))

EVALUATE(D)

1 if (D =0) return 0

2 if (D=1)returnl

3 return EVALUATE(Dp) + s(D) * D.top * EVALUATE(D»)

Fig. 11. Implementation of basic operations for symbolic analysis and applications.

Cofactor and Derivative:COFACTOR D, s) is to compute upper-case letter to denote the determinant represented by that
the cofactor of a symbolic determinant represented by a DDRrtex. The root of the DDD represents the determinant, de-
vertex D with respect to symbolic parameter COFaCTORIS noted by A, of the circuit matrix. Note that = 1/R; and
perhaps the most important operation in symbolic analysis &&= (1/R;) + (1/R3) + (1/R3). From Cramer’s rule
analog circuits. For example, the network functions can be ob- Iy, x CoracTOR(A, a)
tained by first computing some cofactors, and then combining v = A :
these cofactors according to some rules (Cramer's rule).  Thus

CoracTor(A, a)
A

In thi bsecti le to show how th We consider the normalized sensitivity of the input impedance
n this subsection, we use an example to show how the net- .. respect to resistak,

work function sensitivity can be computed using DDD-based R 97
CoFACTOR We also use GFACTORto exemplify the main ideas S}Z.g; = <_2> < m)

B. lllustration of Basic Operations and its Use in Circuit Zin =
Sensitivity

of a typical DDD-based operation. IR,
Consider the ladder circuit shown in Fig. 10. Its system of _ < Ry A ) 9 <COFACTOR(Av a))
equations has been formulated in (9). The input impedafige CoracTor(4, a) / 0 A
is defined as < ad )
_ Ul aRQ
Zin - E B < RQA )
If each matrix entry is viewed as a distinct symbol, the deter- Coractor(4, a)
minant of the circuit matrix can be rewritten as (7). We redraw . <_ CoracTor(4, a) 04
its DDD in Fig. 12(a), where the O-terminal and all the 0-edges A? ad

pointing to the O-terminal are suppressed. In Fig. 12(a), for each 1 9CoracTor(A, a) 1
vertex labeled by a lower-case letter, we use the corresponding +Z ad
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Cofactor(Cofactor(A,a),d)
Cofactor(A,a)

Cofactor(A,d)

47
T

+

goRog

+

() (b)

Fig. 12. DDD-based derivation of cofactors.

Note that returns GTVERTEX(a, 0, ). Since no vertex exists with label
0A ) o _ -
92 _ Coractor(A, d) a, the 0-edge pomtlng to zero and the 1l-edge pomtmgl,tp
ad GETVERTEX(a, 0, ) will create a new vertex as shown in Fig.
and 12(b). During the recursive processp@cToR0,d) is first
9CoracTor(4, a) —Coractor(CoracTor(A, a), ) calculated at Steps 3 and 4. Later on at Step 6, its return value
ad has been cached and is used directly. This avoids the duplicate
we have ) Com A d execution of ®FACTORON the same subgraph.
S}Z_{izn = <_) < OFACTOR(4, d) All three cofactors and the original determinant are com-
e A pactly represented in aingle four-root DDD as shown in

_ CoracTOR(COFACTOR(4, a), d)) Fig. 12(b). From this DDD, the sum-of-product expressions
CoOFACTOR(A, a) ’ of cofactors and determinants can be generated efficiently
The three cofactors @-ACTOR(A4, a), COFACTOR(A4, d), and by enumerating all its corresponding rooted 1-paths. For
CoraCTOR(COFACTOR(A, a), d) in the expression above can behis example, we hav€&oractor(A4, d) = agj — aih,
computed elegantly using algorithnoéactorin Fig. 11 on  Coracror(CoracTor(A4, a),d) = G = gj — ih,
the DDD shown in Fig. 12(a). Recall that the vertex ordering iand Coractor(A, ¢) = D = dgj — dih — fej. The
Fig. 12(@)isa >c>b>d> f>e>g>i>h > j. DDD representation enables efficient computation of exact
First, consider how to compute GBACTOR(A4, a). Since sum-of-product symbolic expressions and their sensitivities. We
Atop = a = s, A; = D is returned. ©FACTOR(A4, a) points can also generate the sequence-of-expression representations
to D. Similarly, COFACTOR(COFACTOR(A, a),d) points toG. by introducing one intermediate symbolic symbol for each
They are shown in Fig. 12(b). vertex. In comparison, sensitivity computation using directly
Next consider OFACTOR(A4, d). SinceA.top = a > d, line the sequence-of-expressions approach requires grammar-driven
3 of the algorithm is executed with, = C and A; = D; compilation [27].
i.e., CGETVERTEX(a, COFACTOR(C, d), COFACTORD, d)).
Then the procedure is invoked recursively, respectively, fi ; P
CoFACTOR(C, d) and @FACTOR D, d)). This process is shown €. Generation of Significant Terms
in Fig. 13, where top-down solid arrows illustrate the recursive Many small-signal characteristics are dominated by a small
invocation of the procedure GEACTOR bottom-up dashed number of product terms. This has been observed and exploited
arrows show how the final result is synthesized, and each sfapviously in the context of transfer function approximation.
is labeled by a number that indicates its order of executioMany times, analog designers are interested in the symbolic ex-
Note that GTVERTEX(s, 0, 0) returns the O-terminal basedpressions of the first few dominating terms. In our framework,
on the zero-suppression rule. EventuallypFECTOR(A, d) the extraction of significant product terms can be transformed to
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Cofactor(A,d)
return GetVertex(a,0,G)
Atop=a>d | | AN

AN

M 14
AN

GetVertex(a, Cofactor(C,d), Cofactor(D,d))

AN AR
C.top=c>d N = S
return 0 D.top=d AR
2 A 12 N
AR

I return G
GetVertex(c, Cofactor(0,d), Cofactor(B,d))

i < o
’ ~ ~ return
0.top=0 / B.top=b>d A
/ s " 10
/ )
3 /7 4

GetVertex(b, Cofactor(0,d), Cofactor(G,d))

return 0
, AN
/ G.top=g<d N
1
6 ! \ \ 9
0: VertexZero() 17 8
return 0 return 0

Fig. 13. lllustration of DDD-based cofactoring.

the problem of finding: shortest paths ina DDD, and solved el- « rctreel, rctree2two RC tree networks;
egantly by arO(k|DDD]) algorithm. We note that the problem  « some RLC filters, namebutter, rictest vcststccstestand
itself can be solved efficiently by matroid-intersection-based  bigtst
methods [45], [46], [51], [52]. For nonlinear integrated circuits, DC analysis is first performed
We adapted the weighting scheme of Yu and Sechen [51].U&ing SPICE and the resulting small-signal models from the
1-edge originated from vertex is assigned weightlog |a;|, output of SPICEare used in symbolic analysis. For the com-
where|a;| is the numerical value of symbolic parametgrAll  pleteness, the small-signal models used for bipolar and MOS
the O-edges are assigned weight 0. Thercthetof a path in a transistors are described in Fig. 14(a) and (b), respectively. The
DDD is defined to be the total weights of all the edges along thgNA approach as used iSPICEis employed to formulate
path. With this, the most significant product term in a symbolithe circuit equations. Exact symbolic expressions for (voltage)
determinantD corresponds to the minimum cost (shortest) pathansfer functions¥(..; /Vi,) are computed using Cramer’s rule
between the DDD root and the 1-terminal. The shortest pathand shared DDD representations of symbolic determinants and
a DDD can be obtained by a depth-first search, which has thefactors. The transfer function is in the form of the ratio of two
time complexityO(|DDD]) [15]. DDD’s, which are represented compactly usirgjragle shared
A nice property of DDD's is that after we find the shortesDDD with two roots; this is referred to as the DDD representa-
path from a DDD, we can subtract it from the DDD using DDDRion of the transfer function.
operationTERMSUBTRACT. We can find the next shortest path Table IB describes the statistics of all the test circuits, the re-
in the resulting DDD. In this manner, we can find thehortest sulting DDD sizes, an&CAPPresults. Columns 2—6 describe,
paths in timeO(k - |DDDY). respectively, the number of nodes in each circuit, the number of
nonzero elements in each circuit matrix, the number of product
terms in the transfer function and the numbers of vertices in the
DDD representation of the transfer function without and with
We have implemented in C++ the proposed symbolic analysife use of the vertex-ordering heuristic described in Fig. 6. For
algorithms, and tested our program on a set of circuits varyig@ch circuit, the number of DDD vertices without vertex-or-
from RLC filters to bipolar and MOS integrated circuits. The SQ}ering is the average of that of ten random|y generated order-
of test circuits includes ings.SCAPHis used to generate the sequence of expressions (in
» millerOpamp a two-stage miller compensated MOShe C program) for each transfer function. The number of multi-
opamp from [21]; plications (divisions are counted as multiplications), the number
» tA741, a bipolar opamp containing 26 transistors and Iof additions, and the number of intermediate expressions used
resistors, with the schematic in Fig. 15; for computing each transfer function are reported in Columns
» cascodeOpampm CMOS cascode opamp containing 2Z-9. If the sequence of expressions is generated from the DDD
transistors with the schematic in Fig. 16, 3In [38], only the statistics of the determinants of the circuit matrices are
* ladder7, ladder21, ladder1Q07-, 21-, and 100-Section reported. Here, the statistics are collected for the transfer functions in order to
cascade resistive ladder networks; compare withPSCAPPwhich calculates the transfer functions.

VI. EXPERIMENTAL RESULTS
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Fig. 15. The circuit schematic of bipolaA741.

number of DDD vertices.
From Table II, we can make several observations.

the numbers of nonzero matrix elements.

greater than the number of product terms. This is not sur-
prising, since the number of DDD vertices without ex,
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Fig. 16. The circuit schematic of MOS cascode Opamp.

3)

4)

times the number of symbolic parameters in each product
term.

For large circuits, the numbers of DDD vertices can be
several orders of magnitude smaller than the numbers of
product terms. Further, the difference becomes more dra-
matic with the increase of the circuit size.

The sequences of expressions generated from DDD’s use
about two thirds of multiplications required I§CAPP

for ladder-structured circuitslgdder7, ladder21,and
ladder100Q, and use less than half the multiplications of
SCAPPfor tree-structured circuitggtreelandrctree?.

It may use much more multiplications tha®CAPP

for those circuits that do not have ladder- or tree-like
structures dascodeOpamp andp A741).4

We then compare our program witBAAC[21] andMaple-V

[10] for generating the complete sum-of-product expressions of

the transfer functiondSAACis a well-known special-purpose

symbolic analyzer designed for analog integrated circuits.

Maple-V is a general-purpose mathematic package capable

of solving linear equations symbolically. To ustaple-V, we

use our program to set up the circuit equations and then feed

the circuit matrices tdMaple-V. The results are described in

Table IIl. All data are obtained using a SUNsparc 20 with 32M

representation of the transfer function, each vertex will intrgnemory. We can observe that our program runs significantly

duce one multiplication and one addition (if its 0-edge does nfaster than bothSAAC and Maple-V, and uses much less
point to the O-terminal) and, hence, the total number of multinemory. For slightly large circuits, botlSAAC and Maple-V
plications and the total number of additions are bounded by thgh out of memory. The symbolic expressions generated by

ISAAG Maple-V and the DDD-based approach are the same

for each circuit.

1) Ordering leads to DDD’s significantly smaller than that We have implemented a frequency-domain circuit simulator
of nonordering. For ladder networkadder7, ladder2]1, by evaluating the computed DDD-represented transfer functions
andladder10Q the numbers of DDD vertices are exactlyand compared the results wiBPICE For all the test circuits,

our simulator produced the same numerical outputs as those of

2) For a small circuit, the number of DDD vertices may b&PICE Note thatSPICEemploys pivoting to improve the nu-

4Very recently, we showed that by exploiting the design hierarchy and auto-
ated partitioning, the DDD-based approach can generate even more compact

ploiting sharing would be the number of product termepresentations than that BCAPP[41], [42].
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TABLE I
COMPARISON OFDDD SIZES WITH/WITHOUT VERTEX-ORDERING AND SCAPP
ckt #nodes | #symbols | #terms |DDD) |DDD| SCAPP
name (matrix) w/o ordering | w/ ordering | #mul | #add | #expr
millerOpamp 7 21 29 95.2 51 36 60 44
butter 8 19 14 57.1 22 30 21 39
ladder7 9 22 22 85.6 26 36 25 46
rictest 10 37 200 634.2 152 208 161 219
cestest 10 35 176 510.8 97 208 162 219
vestst 11 46 120 435.8 70 238 169 252
ladder21 23 64 17712 53434.4 84 116 79 140
cascodeOpamp 15 77 119395 150868.1 1994 444 596 460
1AT41 24 89 119011 —% 6654 198 365 233
bigtst 33 112 1.6 x 107 - 951 996 715 1030
ladder100 102 301 5.7 x 10%° - 398 594 398 697
rctreel 41 119 7.1 x 107 - 208 508 311 550
rctree2 54 158 3.0 x 1010 - 299 660 407 715
-*: out of memory.
TABLE Il
COMPARISON OF THEPROPOSEDALGORITHM AGAINST ISAACAND Maple-V
circuit ISAAC Maple-V Proposed Algorithm
CPU time | Memory | CPU time | Memory | CPU time | Memory
(seconds) | (bytes) | (seconds) | (bytes) | (seconds) | (bytes)
butter 0.61 493k 0.03 10.9k 0.033 8.1K
ladder7 1.05 980k 0.63 250k 0.033 8.1k
millerOpamp 0.49 640k 0.6 250k 0.066 24.5k
rictest —* 17.3 15.2M 0.10 49.1k
vestst - - 104.3 23.1M 0.15 112.1k
ladder21 - - - - 0.066 32.7k
cascodeOpamp - - - - 7.62 4.9M
pAT41 - - - - 9.13 5.2M
bigtst - ~ - - 2.81 2.6M
—*: out of memory.
merical accuracy of the solution of a system of linear equations, TABLE IV
whereas no special consideration has been given to the numef2MPARISON OFFREQUENCZSDN’Q';QSIBCYETHE PROPOSEDALGORITHM

ical aspectin our DDD-based approach. We further observe that,

in comparison wittSPICEwhich uses numeric&lU decompo- circuit SPICE | DDD-based numerical evaluation
sition, and numerical evaluation with the sequences of expres-—__ (segfggds) (Se(‘;‘;gds)
. . utter . .

sions .gen.erated @CAPF,E our DDD-based simulator has the millerOpamp 0.36 0.28
following interesting features. rcltest 0.71 0.65
+ Evaluation of DDD determinants and cofactors uses only ~ ladder21 0.96 0.75
multiplications, additions, subtractions, anad divisions. bigtst 3.68 2.78
cascodeOpamp 3.16 11.8

The notorious “divided-by-zero” problem does not occur
in DDD evaluation.

« All multiplications in DDD evaluation are performedAt each frequency point, the DDD-represented transfer func-
between a derived value (the value of a cofactor) and otien was evaluated by first computing the numerical value of
from the original problem (matrix entry). Further, theeach matrix entry from the values of circuit parameters and fre-
depthof derived operation, i.e., the number of (nestedjuency, and then substituting the computed value of each entry
multiplications required to obtain the final value from 40 compute the DDD values. The proposed algorithm is actu-
value in the original problem, is at most In contrast, in ally faster tharSPICEfor small circuits, but is slower for large
LU decomposition, most times, operations are performé&ticuits. We note that the complexity of sur#petitive numer-
among two derived values, and the depth of derivd@al evaluationis linearly proportional to the number of DDD
operation is at leastn. vertices, but the number of DDD vertices may grow exponen-

« DDD's are constructed in such a way to achieve maximéiglly with the size of a circuit. Sparse-matrix-based numerical
sharing of subexpressions. As a consequence, those valddsdecomposition has been observed to rurOin!*=%)
close in their magnitudes are likely to be manipulated tdor typical circuits [33]. Therefore, the straightforward use of
gether. exact symbolic expressions—DDD-based or eB&APPs se-

Table IV shows the comparison of our DDD-based simulat§iie€nces of expressions—for numerical evaluation may not offer

W'th SPICEIn term? Of.CPU time for repet't“_/e numencgl eval- sye note that hierarchical symbolic analysis employe&@APPis essen-
uation. For each circuit, 1000 frequency points were simulatadily partial symbolic LU decomposition by Gaussian elimination [44].
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any speed advantage over fine-tuned numerical simulators segpansion is canonical. Further, the structure of expansion is
as SPICE However, DDD-based symbolic analysis may stilformalized as a binary decision diagram, where each time only
be attractive for repetitive numerical evaluation, since it allonane matrix entry is considered. Then, the generation of sum-of-
the other “latency” properties of symbolic expressions to be egroduct expressions for a symbolic determinant is broken into
ploited efficiently. For example, for the frequency-domain sinthree separate steps: 1) entry labeling (vertex ordering), 2) con-
ulation of time-invariant circuits, all the circuit parameters bugtruction of the diagram with the chosen order, and 3) genera-
the complex variable remain unchanged for all the frequencytion of the product terms from the diagram. These considera-
points, and, therefore, the use o&xpanded symbolic expres-tions enable us to exploit the understandings and implementa-
sions can provide a significant speedup c8®CE We have tion of BDD'’s developed mainly in the past decade in the area
shown thats-expanded symbolic expressions can be derived formal verification and logic synthesis. We further show that
very efficiently using DDD’s and then only one DDD evaluasymbolic manipulation on sum-of-product expressions can be
tion is needed for all the frequency points; this speedSRICE performed much more efficiently on the proposed diagrams.
significantly [39].
B. Comparison with Hierarchical Symbolic Analysis

DDD'’s can be viewed as a special form of sequences of ex-
pressions as used in hierarchical symbolic analysis [24], [40].

The proposed approach is an application of decision diagrdfiey differ in how they are created and the canonicity of the
concepts to symbolic network analysis. In this section, we Su,ﬁgzpresentanon, which lead to several fundamental differences
marize some closely related work in these two areas. We reffgfheir performance. S _ o
the reader to [21] and [26] for comprehensive surveys of Sym_F|rst, the DDD representation is unique. For a given circuit,

bolic analysis techniques and applications, and [30] and [36] fggardless of which algqrithms to use, the generated code based
decision diagrams. on the DDD representation must always be the same (should be

able to be compared simply using UNIX shell commatiff).
The canonicity property may be useful for formal analog veri-
fication.
Second, symbolic manipulation with DDD’s is simpler
Previously, determinant expansion has been exploited than with arbitrarily nested sequences of expressions. From
symbolic analysis of analog circuits. The work includes thine DDD's, the expanded sum-of-product expressions can be
parameter extraction method [2], the algebraic formulatiagenerated by a simple DDD traversal; the significant terms can
method [35], and recursive Laplace expansion with mindme generated efficiently by finding-shortest DDD paths; the
storage and row/column ordering as implementeddAAC s-expanded expressions can be derived in linear time in the size
[21]. Parameter extraction was developed for handling largéa DDD [39]. Very recently, we have shown that the problem
sparse matrices with a few symbolic entries and many numericél deriving simplified, reliable, and interpretable symbolic
entries. The key idea is to apply a refined form of determinanetwork functions can be performed effectively and efficiently
expansion in (2) on all the symbolic entries first, then to useith DDD’s [43]. In contrast, manipulation and approximation
any standard numerical method to evaluate the values of minofsarbitrarily nested symbolic expressions are known to be
that contain only numerical entries. This idea can be naturaliyore difficult and involved [18], [27], [37].
incorporated into DDD’s where symbolic entries are labeled Third, in comparison with numerical evaluation using hier-
first and numerical entries are labeled after symbolic entriaschical symbolic analyze8CAPPR which is the compiled par-
(with small indexes). With this, numerical entries will appear atal LU decomposition by Gaussian elimination [44], numerical
the bottom of a DDD, which can be evaluated and condensegaluation with DDD'’s is division-free, manipulates fewer de-
The incorporation of parameter extraction into DDD’s wilkived values, and generally adds/subtracts the values with less
lead to a new method capable of handling large sparse matridéfering magnitudes. Furthermore, since pivoting is not em-
with both numerical and (potentially many) symbolic entriegployed inSCAPR repetitive numerical evaluation with the gen-
In contrast, it is generally difficult to combine parameteerated code may be subject to the numerical accuracy problem.
extraction with other symbolic methods. We note that compiled-code simulation has been studied in the
The algebraic formulation method of Sannuti and Puri exarea of numerical circuit simulation [48], and parti&l decom-
ploits the structure of determinants and circuits to establish thesition by Gaussian elimination itself has been exploited in the
condition for valid nonzero product terms as expressed in (Ypntext of circuit tearing, for example as in [49]. If targeted at
Then the valid product terms are enumerated. circuit simulation,LU decomposition by Gaussian elimination
The DDD-based approach inherits many ideas found in reas been observed to be less preferred over the Crout method or
cursive Laplace expansion with minor storage and row/colunather methods ofU decomposition [44].
ordering as implemented #SAAC[21]. For the derivation of  Finally, it is worth noting that efficient linear(ized) circuit
sum-of-product expressions, both approaches are based onamh@lysis can be accomplished via numerical reduced-order mod-
terminant expansion, follow the same order of expansion, aelihg techniques such as asymptotic waveform evaluation [34],
both use the cache to store the minors. But the DDD-based #pe PVL algorithm [16], and the Arnoldi method [31]. Itis very
proach has the following several subtle differences flBAAC intriguing to combine DDD’s and these techniques for possible
First, we impose the fixed ordering rule so that the structure s§ymbolic reduced-order modeling.

VIl. RELATED WORK

A. Comparison with Existing Determinant-Based Symbolic
Techniques
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Fig. 17. An MTBDD representation of matrix .

C. Relevance to Other Decision Diagram Concepts our knowledge, the introduction of DDD’s represents the first

The notion of DDD’s comes from the application onBDD’s,eﬁort in e_xplori_ng BDD’_s and thei_r variations for representing
a variant of BDD's, to represent symbolic matrix determinant&d manlpulatlng matrix determinants and cofactors. On the
Each vertex in the DDD represents a symbolic determinant affer hand, DDD’s represent matrix determinants, not matrices,
is defined by the determinant expansion rule (2), where op&ld aré not adequate for implementing general matrix algebra.
ations are the addition and multiplication in normal algebrilévertheless, matrices and determinants are intriguingly
We note that several other extensions of BDD's for multivalud§'ated- Itis interesting to explore more connections between
functions and arithmetic applications have been made; for (MIBDD, s and DDD's. , ,
ample, multiterminal binary decision diagrams [11]-[13], [20] BMD's® are more closely connected to DDD’s. BMD's pro-
(also called algebraic decision diagrams [3]), hybrid decision Jiide a caporncal representation for multlllne_ar functlpns. They
agrams [14], binary moment diagrams (BMD's) [6], and severd[€ & variation of'l_.%DD’s where thg expansion rule is the fol-
others as described in the book edited by Sasao and Fuijita [38{INg decomposition rule of functiofi
Among them, Multiterminal BDD’s (MTBDD'’s) have been ex-
plored for the implementation of matrix algebra. f=fz+ta(fe—fz)

MTBDD’s is an extension of BDD’s with multiple terminals,
each of which as a real value [11]-[14], [20]. MTBDD’s carwhere f,. (respectively,fz) denotes the positive (respectively,
be used to represent matrices by observing that the row amehative) cofactor of with respect toe, i.e., the function re-
column indexes of a matrix can be encoded as Binary vectossting when constant one (respectively, zero) is substituted for
say{z122-- -z} and{y1 = - - -y } (k = I for square matrices), . Note that a determinant is a multilinear function in its entries.
and then the matrix can be conceptually viewed as a functi®ecall the DDD expansion rule (2)
f: B¥ — R whereR is the set of nonzero matrix entries.
In the resulting MTBDD for representing this multivalued det(A) = a, (—1)"+° det(A,, ) +det(4Ag_ ).
Boolean functionf, each terminal represents a nonzero matrix

entry, and each nonterminal vertex is labeled by either a ryg e Jet (As. ) is the remainder odet(A), which is equal to
or a column encoding bitf, or ;). Each path from the root to det(A)] =0i’ i.e., the value oflet(A) by substitutingz,. . by
a terminal defines the row and column position at which the, .o |t can be verified that '

matrix entry—represented by the terminal—locates. For ex-
ample, Fig. 17 shows an MTBDD representation of the matrix
M. As shown by Fujita, McGeer and Yang, using MTBDD'’s,
many matrix algebraic operations such as Strassen matrix ) ) )
multiplication, spectral transforms, aht) decomposition can Therefore, the DDD representation can be viewed as a special

be performed elegantly [20]. As a representatiomnaitrices, ¢@S€ of the BMD representation. _
MTBDD’s differ from DDD's, which is a representation of However, the matrix determinants as a special form of mul-
matrix determinants. Although it may be argued that a matrixilinear functions have several special properties. For example,

determinant may be calculated explicitly or implicitly based off!€ Sign can be determined nicely using the sign rule (Sec-

the determinant definition (1) in Section I1-B from the MTBDDUON II) and be attached as part of a vertex, Whe’rea§ in BMD's,
representation of the matrix and basic MTBDD operationud"S are encoded as edge weights. The BMDs’ objective is for
described in [20]. However, the computational procedure afgmal verification of arithmetic digital circuits, where matrix
results would be Signiﬁcant')’_ complicated, _and MTBDD'S ethe connection of BMD's to ZBDD's and MTBDD's has been noted by
have not been used for determinant computation. To the best®fkral researchers [6], [14], [30].

(—1)"*°det(Aq, ) = det(A)|q, .—1 — det(A)]a,. .o
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operations such as multiplication are emphasized, whereaspproximation can be accomplished in a similar manner [39],
our application, solving a system of linear equations is tHé3].

objective and the representation and manipulation of symbolicin comparison with numericaLU decomposition as in
determinants and cofactors sparsematrices are of primary SPICEand symbolicLU decomposition as itsCAPR DDD
interest. Nevertheless, many ideas developed in the areaewddluation is division-free, manipulates fewer derived values,
decision diagrams such as using multiterminals and attributedd generally adds/subtracts the values with less differing mag-
edges to represent polynomials and numeric coefficients canrbieides. Inspired by these features, as well as the canonicity
adapted to enhance the power of DDD’s. and compactness of the DDD representation, research is being
extended to exploit the full potential of canonical symbolic
analysis for the design and test automation of analog circuits,
as well as in general symbolic algebra.

In this paper, a new graph representation, called DDD’s,
for symbolic matrix determinants is introduced and symbolic
analysis algorithms for analog circuits are presented. Unlike
previous approaches based on either the expanded form Ofpe authors would like to thank Prof. F. Brewer and his
the nested form representations of symbolic expressioRSsearch group at the University of California, Santa Barbara,
DDD-based symbolic analysis exploits the sparsity angy hroviding them with theiHomeBrewBDD package, which
sharing in a canonical manner. We described an efficiegt elerated significantly their initial DDD implementation,
vertex-ordering heuristic and proved that it is optimum fop.o¢ G Gielen of Katholieke Universiteit Leuven, Belgium,
ladder-structured circuits; in this case, the number of DDRhq prof. M. Hassoun of lowa State University, Ames, for
vertices.is equal to the number of nonzero matr'ix entries.. Vﬁ?oviding them their symbolic circuit analysis packat@aAC
emphasize that the DDD size depends on the size of a circWityscAPP They are also grateful to Prof. T. Sasao of Kyushu
its structure and sparsity, as well as the chosen vertex orderipgiitute of Technology, Japan, and the anonymous reviewers

In the worst case, the DDD size can grow exponentially Wiy yajuable comments that improve the presentation of this
the size of a circuit. Fortunately, for practical circuits, we havg,ner.
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