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ABSTRACT
This paper examines structured methods to perform chan-
nel estimation for cooperative underwater acoustic commu-
nication networks. A simplified channel model based on
a geometric ray-tracing model is proposed. For this new
model, an iterative structured channel estimation method is
developed. The optimal training sequence for the method
is determined. The proposed method exploits the sparse
nature of underwater acoustic channels and inter-channel
relationships, providing performance improvements over un-
structured methods in the modest to low SNR region and
robustness above that of structured single channel estima-
tors. The efficacy of the proposed method is evaluated via
simulations and compared to Cramer-Rao bounds.

Categories and Subject Descriptors
C.3.4 [Computer Systems Organization:Special Pur-
pose and Application-Based Systems]: Signal process-
ing systems

General Terms
Algorithms

Keywords
cooperative systems, multipath channels, sparse channels,
multi-channel equalization, underwater acoustic communi-
cation

1. INTRODUCTION
Cooperative communication for terrestrial sensor networks

enabling power savings and improved fidelity is widely stud-
ied. Recent work has shown the gains of cooperative com-
munication for underwater acoustic communications [1, 2] –
these works presumed perfect channel state information at
the destination.
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Figure 1: Topology for two-hop cooperative commu-
nications network with four cooperating nodes.

Given the promised gains of cooperative communications,
we seek to develop pragmatic channel estimation methods to
support such schemes. By making some topology assump-
tions, we exploit the ray-tracing model of [4] to develop an
approximate multi-channel model between cooperating re-
lays and the destination. In particular, we determine condi-
tions under which the multipath profile is common between
each cooperating node and the receiver (modulo a leading
delay and associated attenuation). Our methods also exploit
the sparseness of underwater acoustic channels. Methods
for sparse channel estimation in underwater acoustic envi-
ronments have been explored in [3, 5]. Our overall approach
shares several key features with [5] (tap detection and least
squares estimation); however, our model (multi-channel) dif-
fers and we explicitly exploit features of the permutation
matrices which result from our modeling.

Our model ignores some subtleties regarding underwater
acoustic propagation such as ray-bending, surface scattering
and non-white noise – however, we numerically justify this
model and establish the regimes in which it is accurate. We
develop maximum-likelihood based profile estimators cou-
pled with structure least-squares estimation. This paper
subsumes [6], but provides the following additions: develop-
ment of estimation algorithms of decaying, rather than uni-
form, multipath profiles; analysis of such methods; deriva-
tion of the optimal training sequence; comparisons with a
structured single channel estimator; and practical algorithm
approximations and simplifications.

This paper is organized as follows. In Section 2, the signal
model for cooperative underwater acoustic communication
is introduced. Section 3 reviews approximations supporting
geometry-based multi-channel models. In Section 4, channel
estimation algorithms are derived, followed by comments on
performance bounds in Section 5. Lastly, simulation results
are provided in Section 6.

2. SIGNAL MODEL
Our signal model is motivated by approximations made on

the ray-tracing model for the multipath profile provided in
[4]. We consider the topology depicted in Figure 1. A single
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source communicates to a set of cooperating relays, which
then transmit to a common destination node. The channel
estimation problem for the first hop is essentially a set of
single channel estimation problems. This is in contrast to
more classical multi-channel estimation for connected verti-
cal arrays. We assume pulse matched filtering and sampling
at the destination node. For simplicity of exposition, we
assume that the maximal delay spread of the farthest node
is known at the receiver. The discrete time vector equiva-
lent signal corresponding to the channel output of a common
single sequence from all cooperating nodes is given by,

r̃ = BCh+ n, (1)

where B is the M × Nh lower triangular Toeplitz training
data matrix, h b as the first column, and b is the M×1 com-
mon transmitted sequence from the K cooperating nodes
(we assume BPSK), Nh is an upper bound on the overall
channel delay spread and M ≥ Nh is the number of samples
transmitted by each node. C = [Dτ1S1,D

τ2S2, · · · ,DτKSK ]
where Dτ is a Nh × Nh downshifting matrix with shift τ
and Sk is a Nh ×Nh scaling selection matrix with the zero-
padded Np × 1 multipath profile, p

k
, along its diagonal. To

be specific,

pk,i =

L∑
l=1

1√
2γlA(λl)

e−j2πfcτk,lδ(i− �τk,l� + �τk,1))
where A(λl) = λ1.5

l [a(fc)]
λl , fc is the carrier frequency and

τk,l is the propagation delay of path l from the k’th user,
calculated from the path length, λl,and the speed of sound.
C parameterizes the channel structure, and thus contains
the key channel profile parameters. In the sequel, we will
state and justify the common multipath profile assumption.
We assume, without loss of generality, that 1 < τ1 < τ2 <
... < τK < Nh − Np, thus each delay is distinct and nodes
are not synchronized. We use the convention that D0 = I.

We assume fast fading, h =
[
hH1 , h

H
2 , · · · , hHK

]H
, where hk

is modeled as CN (0, I). The ambient channel noise is n ∼
CN (0, σ2I) where n is an M×1 vector. Since B is comprised
of the known training data, we consider the post-processed
received signal

r = Binv r̃ = Ch+Binvn (2)
where Binv is the left-inverse of B and r is of dimension Nh.
This preprocessing facilitates the algorithm description for
profile estimation.

3. MULTICHANNEL APPROXIMATION
The goal of this section is to show that for a given range

of topologies, we can assume that (modulo leading delays
and associated attenuation): p

1
∼= p

2
∼= · · · ∼= p

K
∼= p, and

therefore that we can let S1 = S2 = · · · = SK . Note that
the amplitude and phase differences of cooperating nodes
will be handled by the final tap value estimates. We exploit
the highly sparse nature of the channels and the fact that
the gain of a multipath component decays as a function of
the number of reflections along the path and the length of
the path. In our simulations, we normalize these gains such
that the path gain associated with the smallest overall path
length has unit magnitude. Our signal-to-noise ratio (SNR)
is the ratio of the power of the first arrival to the power of
the noise.

Given the topology of Figure 1 and assuming that the
ocean floor is uniform across the cooperating links, then the
only parameter varying the individual multipath profiles is

Figure 2: Energy capture for approximate model:
K = 3; fc = 10 kHz; ocean depth 30 m; node depth
10m;, receiver-node array distance 4km; Ts = 22μs.

the transmission distance. Figure 2 shows the normalized
correlation between the true channel profile, p

k
and the ap-

proximated common profile p
c

( 1
K

∑K
k=1 p

H

k
p
c
/‖p

k
‖). As

can be seen from Figure 2, the common profile p
c

is able
to capture a significant amount of the overall energy, even
with internode separations that are a significant fraction of
the distance between the receiver and the horizontal array.
Although not presented herein for brevity, we can bound the
loss in energy capture due to the approximate model.

4. CHANNEL ESTIMATION
4.1 Multipath profile estimation

Given the channel model previously outlined, we define c
as

c
.
= diag

(
E{rrH}

)
= diag

(
CCT + σ2BinvB

H
inv

)
(3)

=

(
K∑
k=1

D̃τk

)
p+ σ2diag(BinvB

H
inv) (4)

where D̃τ is the Nh ×Np downshifting matrix of shift τ .
With this signal model, we see that the noise depends on
the transmitted sequence. To minimize the noise energy, we
optimize the transmitted sequence such that

B�inv = arg min
Binv

{
Tr
(
BinvB

H
inv

)}
. (5)

Proposition 1: The training sequence optimizing Equation 5
is the constant sequence i.e. bi = 1 (or −1).

For brevity the proof is omitted. This choice optimizes tap
detection versus channel estimation. From here forward,
we consider Binv = B�inv .

In practice, c will be approximated by a sample average,

ĉ =
1

N

N∑
j=1

[Chj +Binvnj
]

︸ ︷︷ ︸
rj

� [Chj +Binvnj
]∗
.

Since C is the horizontal concatenation of K shifted di-
agonal matrices, all having elements whose magnitude is
bounded by unity, the i’th element of ĉ is a chi-square ran-
dom variable with distribution

fĉi(x) =

(
N

σ̃2
i

)N
xN−1

(N − 1)!
exp

{−xN/σ̃2
i

}
(6)

where σ̃2
i = |rowi(C)|2 +2σ2, |rowi(C)|2 ∈ [0, K) and Binv =

B�inv .
1 We will adopt the notation ĉi ∼ χN(σ̃2

i ) to denote
ĉi having the above distribution.

1In reality, the i’th component of ĉ should use the i’th com-
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Motivating our iterative multi-channel estimation scheme
is the fact that we have two simple, but alternative charac-
terizations of the vector c,

c = Q(a)p+ 2σ21 = R(p)a+ 2σ21,

whereQ(a) =
∑K
k=1 D̃

τk , R(p) =
[
D̃0p, D̃1p, · · · , D̃Nh−Npp

]
,

and ai =
∑K

k=1 δ(i− τk). Our procedure will be to alternate
between estimating p and a using the descriptions above.

To initialize the algorithm, first observe that nodes at the
same depth cause surface-bottom and bottom-surface multi-
path to have the same arrival time. Additionally, if they are
located at half the ocean depth, then the surface-surface and
bottom-bottom multipath will have the same arrival time.
Depending on the reflection loss, the average power of these
combined multipath may be greater than the direct path.
In our simulations, we assume a reflection loss of

√
2, so the

weakest direct path is at worst the 3K’th strongest path.
We also make the safe assumption that these 3K strongest
multipath exist in K disjoint clusters, one from each cooper-
ating node. Therefore, we initialize the algorithm by finding
the 3K strongest taps in ĉ, classifying K clusters around
them, and using the first tap of the k’th cluster as τ̂k, i.e.
the initial estimate for a, i.e.

âτ = 1, τ ∈ {τ̂k}Kk=1 and 0 else.

With â, the unconstrained least squares estimate of p is

p′ = arg min
p̃

∥∥ĉ−Q(â)p̃
∥∥2

=
[
QT (â)Q(â)

]−1

QT (â)ĉ.

The vector ĉ has colored noise, whose coloration is depen-
dent on a, which we are trying to estimate; thus we cannot
perform whitening. The vector p is sparse where the num-
ber of non-zero components and associated magnitudes are
unknown a priori. However, we assume knowledge of the
noise statistics and can thus utilize a Neyman Pearson test
to threshold p′ to create the constrained estimate p̂. Let us
assume that |τk − τi| ≥ Np for all i 
= k; this is true for the

topology in Figure 1 if
√
d2
T + d2 − dT ≥ νNpTs where d

is the internode spacing, ν is the speed of sound and Ts is
the sample time. This simplifies p′ = 1

K
QT (â)ĉ. Given the

form of B�inv, it can be found that p′i ∼ 1
K
χKN (|pi|2 + 2σ2),

where pi is the i’th component of p. The noise-only case is
found by setting pi = 0 in the above. Given a target prob-
ability of false alarm, PFA, one can numerically find the
threshold Δp corresponding to this PFA. One can then find
p̂ via:p̂i = p′iu(p

′
i−Δp), where u(t) is the unit-step function.

Having p̂, the unconstrained least squares estimate of a is

a′ = arg min
ã

∥∥ĉ−R(p̂)ã
∥∥2

=
[
RT (p̂)R(p̂)

]−1

RT (p̂)ĉ.

Note that a is a zero-one vector with exactly K ones. We
can thus constrain a′ by setting the K largest values of a′

to one and set the remaining terms to zero. Therefore, the
final estimate of a is

âτ = 1, τ ∈ {τ̂k}Kk=1 and 0 else,

where τ̂k are the indices of the K largest taps.
One can now iterate between p̂ and â. These parameters

can then be used directly to form the estimate of C, denoted
Ĉ. The calculation of a′ and p′ can be burdensome due to
the matrix inversions; we have practical low complexity ap-
proximations, the discussion of which is omitted for brevity.

ponent of σ2 [1 2 2 · · · 2]T instead of purely 2σ2. Since we
assume that 1 < τ1, the first component of ĉ is only noise,
so we will ignore it.

4.2 Channel tap estimation
We consider: unstructured, structured multi-channel and

structured single channel estimation. We first note that the
channel output in (1) can be rewritten as

r̃ = B
K∑
k=1

hsk + n = Bhs + n

The unstructured least-squares estimate of hs is given by

ĥ
u

= arg minh̃

{
‖r̃ −Bh̃‖2

}
= Binv r̃ = r. In contrast, if

we know the multipath profile, we form a structured multi-
channel estimate of hs. This is achieved by utilizing Equa-
tion (1) and performing the least-squares optimization

ĥ
m

= Ĉ arg min
h̃

{
‖r̃ −BĈh̃‖2

}
(7)

= Ĉ
[
ĈTBTBĈ

]†
ĈTBT r̃ = Binv

[
BĈ
]P

r̃, (8)

where [·]P denotes the projection into the column space
of the argument and † corresponds to taking the pseudo-
inverse. It can be observed that BĈ is column-sparse. We
form,ψ

l
, a zero-one vector that is one in the locations from

the location of the l-th arrival to, but not including, the
location of the l + 1-th arrival. Since Ψ has mutually or-
thogonal columns, and it is column-space equivalent to BĈ,
Equation (8) can be written as

ĥ
m

= Binv [Ψ]P r̃ =
KL∑
l=1

⎛
⎝ ψT

l
r̃∥∥∥ψ
l

∥∥∥ −
ψT
l−1

r̃∥∥∥ψ
l−1

∥∥∥
⎞
⎠ eψ

l

where eψ
l
is a zero-one vector with a one in the first location

that ψ
l

is one and where ψ
0

.
= 0 and

∥∥∥ψ
0

∥∥∥ .
= 1. Analo-

gous to our multi-channel approach, we can form a sparse
channel estimator which does not exploit the approximate
multi-channel model, by forming a Neyman Pearson detec-
tor for each channel tap and then forming a structured single
channel estimator. This results in: ĥ

s
= Binv [Bdiag(ŝ)]P r̃.

5. PERFORMANCE BOUNDS
Our performance metric of interest is the mean-squared

error, MSE = E
{
‖ĥx − hs‖2

}
, where x = {u, s,m} corre-

spond to the unstructured, structured single channel, and
structured multi-channel estimates, respectively. Given the
respective channel models and deterministic deterministic
multipath profile and sensor delays all estimator strategies
are unbiased. It is also straightforward to calculate the
Cramer-Rao bounds:

CRBU = σ2BinvB
H
inv

CRBS,M = [I −H ]CCH [I −H ] + σ2HBinvB
H
invH,

where, H is the zero-one diagonal matrix such that
[H ]i,i = u

(‖rowi(C)‖2 − 2σ2) .
Due to the form of B�inv , we then have Tr [CRBU ] = 2Nhσ

2.
Due to the form of H , we have

diag (CRBS,M ) = Hdiag (CRBU ) + r.c.e,
where r.c.e. denotes residual channel energy, i.e. the chan-
nel energy which exists beneath the noise floor. We can
show that Tr [CRBS,M ] ≤ 2Kw(p)σ2. Given the sparsity of
p and the typical small values of K, Kw(p) � Nh. There-
fore, significant gains are achievable over the unstructured
estimator using the either structured estimator.
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Figure 3: MSE and CRB for structured and unstruc-
tured channel estimators for matched topology.

6. SIMULATION RESULTS
Simulations were conducted to analyze the relative per-

formances of the three estimators studied. In these sim-
ulations, the following parameter values were used: ocean
depth of 30 meters, node depth of 20 meters, speed of sound
of 1500 m/s, carrier frequency of 10kHz and the topology of
Figure 1 with the horizontal array of 3 nodes located 4km
from the receiving node. 15 realizations are used to obtain
our sample averaged ĉ. In the simulations, we consider the
cooperating nodes equally spaced over a total distance of
650 and 1200 meters. A target false alarm probability of
0.01 is used with the structured estimators to obtain the
corresponding thresholds, Δc and Δp, for the single channel
and multi-channel estimators, respectively.

We can first observe that for the 650 meter node spread
(see Figure 3), the multi-channel estimator outperforms the
single channel estimator, which outperforms the unstruc-
tured estimator at low to moderate SNR – gains on the order
of 2dB. The reason for this performance difference is that the
multi-channel estimator only needs to detect multipath ar-
rivals over the delay spread of the individual channels, which
is of length Np, whereas the single channel estimator needs
to detect multipath arrivals over the delay spread of the
overall channel, which is of length Nh. The ratio Nh/KNp
is in general quite large, on the order of tens to thousands,
for low SNR. Therefore, the expected number of false alarms
for the single channel estimator can be much larger than that
for the multi-channel estimator. At high SNR, the noise floor
is decreasing, which allows weaker multipath arrivals to be
resolvable. This has two effects: (1) Np increases since these
multipath have a longer relative delay, causing the expected
number of false alarms for the two structured estimation
methods are essentially the same and (2) our common mul-
tipath profile model breaks down. This breakdown of our
common multipath profile model causes noise-only taps to
be treated as channel-plus-noise taps, which degrades the
performance of the multi-channel estimator. Since the sin-
gle channel estimator is unaffected by profile structure, it
is able to detect the overall channel structure with greater
accuracy in the high SNR regime.

In the second set of simulations, we use the same param-
eters as the first simulation, but with the cooperating nodes
equally spaced over a total distance of 1200 meters. We
expect poorer performance for the multi-channel approach
as we have a topology that violates the assumptions un-
derlying our approximate model – as seen in Figure 4 The

Figure 4: MSE and CRB for structured and unstruc-
tured channel estimators for mismatched topology.

multi-channel estimator is no longer able to achieve its CRB
at low SNR. This is because our common multipath profile
model has broken down for even the most dominant taps.

7. CONCLUSIONS
In this paper, an investigation of structured channel esti-

mation schemes for a cooperative underwater acoustic link
is conducted. A simple iterative multi-channel estimation
scheme which exploits the sparseness and similarity of chan-
nels from cooperating nodes is derived, as well as a simple
single channel estimation scheme. It is demonstrated via
simulations and performance bounds that large performance
gains can be achieved using these structured LS estimates
over an unstructured LS estimate. Although not shown, we
also have robustness to the noise variance estimate with the
structured LS multi-channel estimator versus the structured
LS single channel estimator. Practical operating regimes are
found for the two structured estimators.
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